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THEORY OF INELASTIC BENDING WITH 


REFERENCE TO L LIMIT ‘DESIGN 


ALEXANDER HRENNIKOFF,* Assoc. M. ASCE 


statically indeterminate flexural beyond the 


limit o or r structures comprising material that « does not obey Hooke’s law. ww. ‘The 

“relations between the unit s strains and the unit stresses (both normal and tan- 

gential), bending ‘moments, angle changes, an and deflections, produced u under 

these ¢ circumstances, are derived. The effects of removing a a load and of ‘moving 

ts load along the span are also ‘considered. - Furthermore, the method i is s applied 7 

‘mild steel I-beams, and i 1 is by a number of examples bearing on ‘ 
the “Theory 0 of Limit Design” presented by J. A. Van den Broek, 2 'M. ASCE. 2 


Brief discussion of t this theory t together \ with. observations concerning its validity, 
based on n the results obtained i, is included i in Section 18. a, 


oft VE 


The method in this paper entails the of curves 


derived from the stress-: strain curve of the material of the : structure, making — ye 
AS 


proper allowance for the shape ¢ of the cross section of its members. Once the | 
The labor involved i in 1 such 2 an n analysis i is not prohibitive, although it is greater 
than that involved in the usual elastic analysis. A new set of curves is needed _ be Ly 


if the material of the structure or the cross section of its members i is different. 4 Me 
a For the most part, this method, with its illustrative numerical solutions, i is 

Novel, although a simpler | case of the same problem, involving a rectangular r 
beam, has been treated, in a somewhat different way, 8S. Timoshenko 
a The method is based on the assumption that the cross sections « of oe 


_ members remain plane throughout the entire range of flexure. _ The same as- 


_ Norg.—Written comments are invited for immediate publication; to insure publication the last dis- 
1 Associate Prof., Civ. Eng., Dept. of Civ. Eng., Univ. of British Columbia, Vancouver, B.C., Canada. — 
Theory of Limit Design,” by J. A. Van den- Broek, Transactions, ASCE, Vol. 105, 1940, p. 638. 
of Stability,” by Timoshenko, McGraw-Hill Book Inc., New York and 
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has some experimental corroboration. in certain restricted the 


ARS 


tions undoubtedly become warped by shear, but on the ho, hele the assumption 


addition mn. to ‘this assumption the theory, is restricted following 

i ie structure uw~sened of prismatic members with I- beam, channel, or 


The moment diagram of the is assumed tob 


bounded by lines (a curved diagram being 
4, The effect of normal forces i is ignored; 
5. Deformations produced by shearing forces are 


apan aes 6. Instability i is not considered t to | be a factor; and ws 


7. Deformations of the structure are assumed small. 
et 
additional assumptions, useful in. expediting the wor 


in ‘te text or by i and are for convenience of 


_ The functional relationship between the unit stress, o, and the unit strain, 
for the: material of the must | be ‘stated in one of the 


Leta rectangular with cross in ‘Fig. be sub- 
jected to flexure. _ According to the stated assumptions, the unit strain diagram 

a linear (Fig. 2(0)), with zero strairi at the center of the section and with 1 equal 
_ strains ¢€ at the outside fibers. It follows that the diagram of unit stress (Fig. 

an -2(c)) consists of two equal parts resembling the stress-strain curve (Fig. 1) to 


point A, with the abscissa €. | The base ON = = = ¢ in Fig. 1 is reduced in Fig. 2(¢ 


” by A. N&dai, McGraw-Hill Book Co., Inc., New, York, N. Y., 1931, P. 164. i 
by J. Marin, Transactions, ASCE, Vol. 108, 1943, 459. 
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to a value to a bending ‘moment, the stress curve in 
r. a 2(c) will resemble a greater length of the stress-strain curve OMBK (Fig. 1), 


ing To find a relation between the bending moment M sud the corresponding © 
a : unit strain ¢ in the outer fibers of the beam, it is necessary to introduce a vari- 


~ able mi, defined*: 4 as the statical moment, about the o-axis, of ai an area under 
‘ the stress-strain curve, taken to a variable point: Au on the cur curve, provided 


nly 

be eo de. the to a a unit changes both the elements 


expression 


x 
matical 
6, 


"area and their lever arms 
defining m, is as follows: 
> 


of In cases es when 


_ Must be determined by summation, dividing the area under the stress- stain 


“ & curve into a large number of sufficiently narrow strips parallel to the o-axis. 
The requisite relation between the bending moment M and the unit strain 
_— ' ein the outer fibers of the beam i is found by equating the internal moment of 
“4 “stresses a and the external bending moment. It may be observed that for the 

: same unit strain, ¢, the internal moment is proportional to the breadth b and 
Ss to the square of the depth h of the section, the coefficient of proportionality : 
rain, to m; in the following manner: = 


a i In n the : analysis of statically determinate 1 rectangular beams, when the bend ae 
4 ing moment M and the dimensions of the cross section are known, Eq. . 2 de- 2 : 
a _ termines the value of the variable m. - The unit strain e can then be found «> 


¢ Eq. _™ ,and the u ‘unit stress o in the outer fibers of the beam, by the stress-strain 


4 from a table or graph representing the relation between m, and e€ : expressed by ae 4 | 


gram It is possible to derive a Tigorous expression for a function Mm, applicable to oe 
equal @ I- beams and channel beam sections, which can be used in the same manner as Ss. 
(Fig. the function m, defined in Section 2. - This function would contain two inde- iy 
1) to pendent parameters, a feature re restricting the field of its usefulness. For this ae 

y, 2(c) teason, it has been considered wise to widen the | scope of applicability | of the fom 


ns function m by ignoring the variation of unit stress over the areas of flanges. 4 ee EN 

4 An analogous is often made in the elastic range, essen- 


— 
may be considered as a functi 
— 
— 
~ 
— 
7 


wore 


Barco than that involved i in the ests range. . When this approximation i is” 


* 2m ‘made, the web of the beam is assumed equal to the distance between the centers — 


a an of flanges, and the areas of flanges are assumed concentr ated at the extremities. 


a 


— Lr To introduce the function mM, imagine | a section as in Fig. 5(a), strained and — 
Pix 


stressed as in Figs. 5(b) and 5(c). The width and depth of the web are 


axis OO of stresses in n this section, when it is strained as shown, 


as — m- 


In Eq. 3, the of € defined by Eq. is the unit stress corre- 
a sponding to the same value of e, thus making m also a function of «. —- 


a The advantage of this va variety - of the function m over the one adlanend to s at the 

- beginning of this section is that it contains only one parameter x instead of 


er function m can be easily ocuetti to the bending moment carried by the - 
beam | of Fig. 4. The web area of this beam is the is area 

a number of beams possessing the same ne flange-web ratio K and 


: When hi remains constant Ae varies, ‘te internal moment varies 


Proportion to Ay. On the other hand, as long as Ay retains its value, the 
moment varies in proportion to he ‘Thus, the internal moment is proportional 
es to the product A. h. Therefore, ‘the external bending moment M can be to 
expressed, in ‘terms of the function.m, as follows: Sh 
ze can be ‘applied to statically determinate I-beams and channels just as 
‘Eq. 2 can be to beams. The function m in Eq. 5 should 
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The analysis of shear stresses Tequires the daisies of the function % 
- defined as the sum of the normal stresses developed by the section shown i in 
Fig. When the flange area x is equal to zero, the corresponding q-function is 
toasq. F unctions and representing tl the internal normal forces, 
are thus analogous to the functions m and m, representing the internal mo- 
- ments, developed in the half- beam section of Fig. 5. es 


4. ANGLE. CHANG Ss 
‘The analysis of statically indeterminate beams requires the derivation of 


Ny. relations between the angle changes and the unit strains and ne between iar? 


Pi 6 represents an element of length dz of a straight prismatic hice or a 
c "channel beam with a symmetrical | cross section, whose effective depth is h. fg 
i It is strained to a unit strain ¢ at the centers of flanges, and the end ec os 


ge eam is: 


to integrate Eq. 7 esse lable. 
In Fig. 7 the bending moment in the beam straight fine from z wero 
one end to Mo at the other end. the shearing force in in the is 


16 meter x appropriate to the shape of the ———— 
— 
4 
rie 
— 
nd 
~ 


STIC BENDING 
Substituting Eq. 8b in Eq. 


Placing this nis value for dx (Eq. in 7b, the following for $ 


nae integral in Eq. ) represents s the area a between th the (m-e)- -curve and the 
maxis (Fig. 8), t taken u up to ‘point A on the ‘curve with the coordinates mo and 


pe 


> Bs  €, corresponding to the ete of strain in 1 the beam : at end B with moment Mo 
integral may be considered as a function of can be computed from 
a the (m-e)- -curve f for different values of € by : summing up the terms referring t to 
a large number of narrow horizontal | strips. In 1 some. special ‘cases the integra- 
can also be performed by « The expressed byt the integral 
is given a n, 


om 


loading conditions of the to which Bq, 11 applies, are presented i in 


va, 


g. 7. To solve for “compute mo from Mo by Eq. 5. For the 1 resu 


sheet, or listed’ as in » Table 1a), the “necessary can | be red 4 
O 
i Eq. 1 1 can be easily extended to a trapezoidal | shape of the moment diagram 


tae by adding, algebraically, ‘angle changes contributed by different parts of the i 
he ae a _-—- &@ Tables 1(a) and 10) are greatly condensed forms of the complete tables, and they are confined to 


values of functions ; m, 4, and a for mild steel I-beams and channel beams = and 1,000 

varying the limits 1. 1 65, as needed for the illustrative examples in paper. = 
complete tables contain similar functions for mild steel computed for four values—of « = 0, « = 4, « = _ es 
_ and « = 14—and 46 values of 1,000 « varying between the limits - 1 and —— The photostats of these . 
— are on request at the price of $1.00. 
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 ABis to the diflerenee of the angle changes contributed by the 
parts | OBB, and OAA;; and, since i and V are the same in both these parts, 


- 


~The functions no and no; Nor in Eq. | 12 correspond to the strains present i in ‘the outer 


TABLE STRESSES, 
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fibers at points B and A, respectively. Eq. 12 is also applicable to Reis setup 
Fig. 10, in which the bending moment its sign on AB, 


= 
— 
— 
te 
ing 40.4 j 1.09 
412 | | 2923 | 15,361 248.1 [13,612 | 32.5190) -3.37 
this 42.0 6m52 | 330.4 | 17,650 | 284.7 |15,803 | 34.49 —3.39 
42:7 | | 365.6 | 19,704 || 318.4 /17,858 «| 36.46 —3.40 
nto 433 | 62.35 | 309.9 | 21,920 | 1.169] || 3513 33448) -346 
45.0 64.68 498.9 28,200 1.09" |] 446.6 [25950 | 43.380) -351 
8 | 67.11 1.10 |} 558.1 |33,290 | 48.32 
ead 496 | 71.06 | 831.0 | 50,700 | 767.8 |47,800 | 5822 | 
60.75 | 72.75 | 936.6 | 58,390 870.4 |55,180 | 63.18 | —3.81 
Unit are as follows: 
10? u and 10* ur are in 
d to 
The 
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Substituting Ba, 13a into Eq. 1 


ratio — cam be 


; competing the : e angle ‘changes than i is q- 1 1, but it w Ww ill used to 4 
ay 


By, Referring again to Fig. 7, end B, at which the moment i is Met is ; assumed to ; 
a ae 2 be fixed; and it is necessary to find an expression for the deflection of the other 
_ 2 he! end , A, where the moment is zero. Consider an element dz of this beam, a 
distance x from the left end. angular change do occurring on the length 


this causes a dé of the left so that 


=, total of the left end i is then 


which is the same expression as in elastic theory. By Eq. 


Sabstituting Ec 8e 16 in Eq. 

—r “represents a new funetion which the ‘statical moment about the 


‘11 can ébe given a different form by substitutin for th 
— 
on 
| 
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existing at point, Bi in the beam, pas the ending moment i is Mo. 


The other version of this equation to is: 


& al uo will be omitted, as a rule, when no specific point of the beam is 


under 


(ea 


Mo 


deflections corresponding to various types of trapezoidal 


ether by the method used par oy Eq. 17a, or from simple geometrical lea 
iderations, on the basis of Eqs. 1 1 and 174 which are fundamental. This esa 
7 condition i is illustrated by Fig. 11(b). Let it be required to find the deflection re 
at point A of a beam with a moment Mo, o, in 1 relation to the tangent at point B, 
where the moment is zero course, is be small 


= 


— 
— 
{ 
— 


& 


By Eq. 


+3 


is necessary to that the dealing with the tridngular 
moment diagrams (Figs. 11(a) and 11(b)) are quite distinct. _ Therefore, the 
corresponding formulas for deflections, Eqs. 17a. and 20, cannot be converted | 
o the other by direct algebra; and the same is true regarding the three | 


, for case (e)— 


nt 


Ih he first two trapezoidal cases the sign of the mo moment does not change, but 
A. in the last case it does change. The triangular cases can be obtained from the +4 
corresponding trapezoidal cases by assuming one of the end moments to be zero. e 
Eqs. 11, 12, 17a, 20, and 21, , derived for Figs. s. 11(a) to 11(e), the ‘quan- 
. ee tities Au, V, n, 1 n, and u must always be considered as positive; the same condition — 
ae is true for Zo ond, 2, except that 2 in Fig. 11(c) may either represent a coative . 
quantity (when point A lies outside the region OB) a negative quantity 
(when point Ai is within tl the distance e OB). Moments are considered postive 
_ when there is tension in the bottom fibers, and. the angle changes caused by — 
moments are taken as positive. Deflections are assumed positive, 
if they are above the tangent of reference. | The quantities mo and uo refer to \ 
points with the moments M and the quantities Won to the | points 


vi the moments Ma. 


case, which cannot be solved by the foregoing equations, Eqs. 


’ 


3 = CD — BC = - 
— 
char 
— 
— 
— “The 
— conc 
= 
\g 
— 
sion 
— - 
— int 
— 
trapezoids and applying appropriate equ , and 
— er of sufficiently narrow trap 7 
number of sufficiently na defi 
= In this case the flange 
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Angle changes. in the elastic range | are proportional to bending 
me 


ents, which follows from the well-known 


‘These relations will be utilized in Section 8, in computations pertaining to the ae. 


_ _ Beyond t the elastic ‘Tange the angle changes increase much faster than the a 

moments, ;, and the moment diagram does not represent the angle changes to 
“sale. Referring to Fig. . 7, point D, where the tangents at the ends of the 


deflected beam meet, is a distance d from the m the point of zero ‘moment, p oint . 


By geometry and by Eqs. 13b and 18: = 

= ih the elastic range, d 5 Zo, but beyond it it d increases and may even approach 
%: “i Once the expressions for the deflections and angle changes in beams are > 


= 


different from conventional analysis, and it merely consists i in setting up the 
equations between the deflections es the — — prescribed by the 


v 


: ‘known, the indeterminate stress analysis outside the elastic range is in no way 


6. SHEARING Stresses IN BEAMS 


‘The greatest shearing stress existing on a normal or a longitudinal plane of gee 


an I-beam i is present in the web of the beam at the neutral axis, and an expres- — py 


— sion will be derived for the value of this stress To, following the method use ele 

ey “Fig. 12 represents one half of the cross section of an I-beam and the a moa 

bog body diagram of the length dz of this section. The greatest strains at the left _ 

right sides of this section are and + de), respectively. Recalling the 
definition of the function qin Eq. 68, the following expression from 


4 
= 

— 
— 
— — 

aa 
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+ 8e 3 is substituted for dx in Eq. 2 
ba, 


netio must be e computed point by point, by increments of 7 


the initia g and m corresponding to the same increments in . 
‘Thus, shearing stresses in inelastic range are dependent not whee on seid 


ee shearing force V, but also on the bending moment, since the latter determines — 


the strain e, and the — is a function of The ratio — 


“on uniform shearing stress one square unit of area of the we web. The function a 


ifies a coefficient allowing for nonuniformity of shear disteibution 


ole +de) 


=60 


Sq In. 
4 


A similar rote les 


Th Eqs. 25a a and 25d, a(e) and m(e) signify the values of the | functions q and m n 
- eorresponding to the value ¢ of the strain in the outer fibers of the beam, whereas - : 


represents the value of the function to the value 
foregoing bending theory will be to mild steel Ww se 
_stress- strain curve is presented i in Fig. 13 and in Table 1(a). The main me- — 
ar chanical properties of this steel satisfy the material requirements of the 1940 
_ Specifications of the American Railway ‘Engineering Association for fixed- “span 


railway bridges. They are asfollows: 


| 
- 
i 
con 
the 
har 
* 
met 
— 8 | ds to a more general formula for the value of the — a * 
ring stress at a distance y from the neutral ole: 
2 
— 
— oe 
— Eg 
— 
— 
j of 
— Es 
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hl — 
— 
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In comparison with the actual curve, the stress-strain curve ve 
n two respects: First, the elastic section of the curve is assumed to 

continue straight to the yield point without : any curved transition; and, s@écond, : 
* yield section is assumed to extend horizontally to the point v where the strain 
“hardening begins—at e= i, 8%. These approximations do not distort ‘the: 
mechanical behavior of beams materially, and they ¢ are introduced merely for _ ot 
_ the purpose of reducing the labor of computation and not because they are els 


yur values™ of the param- 
«—0, 3, The first of these values corresponds t to a ‘rectangular 
beam, Ww hereas remaining three cover the range of standard I-beams. 
- Formulas pertaining to the elastic and plastic parts of t the derived curves (that 
is, the parts within the limits of ¢ from zero to 0.11% and from 0. 11% to 1.8%, | 
by algebra as demonstrated in Sections 8 and 9. 
Ee this value in Eq. 4 and in- 


(x + + 4) (26d) 


3 


2 26 and 27 are valid to the of yielding, where coordinates 


stress-strain curve are e= = and ¢ = eld yin unde 


Unit Stresses,in Kips Per Square Inch———e * ial 
4 
a — 
Differentiating Eq. 26a and si 
— 
Vig 
= 0.01815 (« + 4) — 


Expressions for the angle change and deflection i in the elastic range, _ 
by substituting Egg. 2 266 66 and 26c i in Kgs. 11 ae 17a, , and simplifying, are: 7 


29b) 


the plastic range, = gy = constant, as varies between the limits of 
€y2. Fs the exy expression for the m-function c can ‘be obtained from 

the basic Eformula, Eq. 4, it is derived more 

conveniently from the first, principles (Fig. 14) 

by taking moments about the. axis 00 of the 


‘normal stresses over ‘the section as 


Sq. 31 mak 


Then: 


applying 


— At tl 
— 
— 
only 
— «4o- 
— 
— ad in egral in the expression form. 9 
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— — = 
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the beginning of € = = = a8 as in a rectangular beam. 


the end of where € = €y2 


~ Values of the derived functions above the plastic range ¢ can an be a 


only by successive summation of the increments of integrals, with all the neces- 


Inch) 


quare 


Squar 


ps per 


~ 


f m (Ki 


Values 0’ 


Square tnch) 
ae 


= 


VALUES OF 


0.01 0.03 0.05 


Values” of 


trated by : an of quantities tok = 0.020. Bist, 
an Fr values of functions corresponding to the value of ¢= 


ting Eqs. 30a and 32c and simplifying: 
— 
3 
— 
= 
— 
J a | | | | 
— 
— 


‘tdving Eqs. 30a and 3 = 
0.576 ips: per sq in.; = 0.00 05340 ‘Kips p per sq in, 


=. 49.48 per sq in. on 0.03556 kips per 


0.020.— 


stress-strain curve gives é 0.020, from 


005340 + 3 (0.0 018 + 020) (33 + 34.25) x 0.002 i 


0.006618 per sq in. By Eq. 4, m = +1 x 34.25 = 50.79 
ag kips per sq in. zi By Eq. 10, adding an increment to the value of n at c= 0.018, than 


nn = 0.03556 + } (0.018 + 0. 0.020) x (50.79 — 49.48) = 0. 006046 kips per sq Web. 


J 


in. Similarly, by-Eq. 175, 1.250 + (49.48 + 50.79) X (0.018 + 0.020) coef 

(60.79 -49.48) =2.4 Ast ore, [ode = = 0.576 + (83+34. 2) 

x 0.002 = 0.6432 kips p per sq in.; and, by Eq. 6b, q = 0. 020 0.020 + 1 X 34. 25 

66.41 kips | per sq in, Finally, in 50.79 — 49.48 = 1.10. ‘This value of 

should be attributed ‘to the value of independent variable = 0.019. 

functions m,n, and are computed to the value of € = 0.1 100, the 


values of the. parameter kK, and the of computation a are presented in 


ousand: 
2 


,in Th 
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Fra. 16. —CurRvEs FOR THE CONSTANT IN MiLp STEEL 

“Figs. 15 16 in expanded form, in Table l(a). The tio 
being very accurate, serve merely as whereas the more com- 
Ho; 


analysis.‘ 
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BENDING 
Errect OF SHEAR 


tox=1, 


is given in Fig. 17 and in Table 1(a), in view of the conapeantive unimportance © . 
this coefficient design. are needed on the numerical 


where outside the range is, out- 
side the limits of ¢ from 0.0011 to 0.018) this 
coefficient: has a magnitude of from approx- 
imately 1. 1 to 1.3, which signifies that the 
greatest shearing stress in the web of th 


beam i is only f from about t 10% to 30% higher 
than the a average stress | per unit area of the _ 
web. In the ‘Plastic r range, however, ‘this 
coefficient \ varies independently of the value of + x, and in a straight line from 
the value 1.5 at = ey: toa very high value of 24.54 at = eva. 
2 The correctness of this rather startling phenomenon i is made plain by refer- 
ence 2 to Fig. 18 representing the free body diagram of a small element of an = 
I-beam. Since normal stresses on the parts 
the sections BC and Bi C; are constant 
and equal, no shearing s stresses acting either ae 
_ on horizontal or on vertical planes are pos- — 
= sible i in these outer parts 0 of the web BC, all 


shear o on the cross section thus being local- 


a dotted parabola, ‘may rise ‘very 
because the stress over the cross section ‘must the. 


Of course, this deduction is only as authentic as the underlying 
of plane cross sections. I if the cross sections warp (which seems inevitable in 


of "high shearing stresses), some redistribution of stresses 


appraising the effect of this irregularity, several 
situation will be distinguished and Seeman: ala The high value of shear stresses = - 


4.5 times the average stress per unit area of the web. From general « considera~, ’ 
tions it appears: certain that, if the absolute value of this stress is high, ‘it is 
relieved by warping, ] perhaps to the level of because : a high concentra- 
ence 
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fluence the vs values of static unknowns and, through them, affect the general 
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12. Srruss RECESSION 


Redistribution of Normal Stresses in: the Planes of Cross Sections Produced 
by Warping Although this effect is undoubtedly present, it is likely to be 
- small since, in the plastic and strain-hardening regions, only a slight change i ine 
the normal stresses is possible, even after an appreciable change i in the strains 
(3) Additional Angle Changes Caused by Warping. — —Such angle changes in- 


ry 


+ a state of stress and deformation over the entire structure. na The significance of 
gt ae _ this factor may be appraised indirectly by estimating the length of the beam, 


over which the stress irregularity considered may possibly occur. this 
nection, it must be realized that, , if the a average unit shearing | stress in the w red 
high, the shearing force is ‘great, and the bending 1 moment builds: up quickly 


Ke along the span, so that the plastic range of normal stresses is passed over in a 
short length of beam. | On the other hand, if the plastic state occupies a great 
length o of the beam, the ‘shearing force (and with it the ; average shearing stress. 
in the web) must be small, and even a high coefficient of nonuniformity would 


- not raise the maximum shearing stress beyond the yield point. = 
ji By using appropriate values for Ag and 7» in Eq. 256 the greatest length, 
‘e- which tl the warping is possible in the most extreme case is of the order of 


Eien he : This length appears too small to produce an appreciable effect on 


The foregoing material seems to warrant the ¢ that the stress i 
a 
ae ‘regularity occurring in the plastic region of normal stresses is too small to 
pit affect t the strength of | beams noticeably or or to ) interfere seriously with the flexural 
26 nue theory based on linearity of the cross sections. Therefore, i in Sections 14, 15, 


and 16 no allowance will be made for warping cross. sections in the 


| many construction materials the stress-strain ¢ curve of une 
Feet Mba in straight tension or compression, may r be closely approximated by : a 
straight line YOY: to the elastic of the curve (Fig. 19). The a 


4 


Residual 


a 4 panne indicated by the point Y, it bends and merges ‘into the continuation 
* ers of the original curve YB. A residual deformation equal to 00; remains after 
unloading. The is raised to and higher than 
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INELASTIC ‘BENDIN N 


perimental facts, with the stated in Section 1, form 
a basis of the theory of bending past the elastic limit when there is a _ 
ey _ Imagine a a beam subjected to bending, whose normal stresses in the section 
Fig. 20 are represented by the curve MNONiM,. If th there i is a decrease 
A in the bending moment, the assumption of plane « cross sections, ‘combined with 
¢ the mechanics of stress recession, explained in Fig. 19, demands that the de- 
crease in stresses st should be linear, ‘80 that the > remaining stresses correspond to 
the difference of ordinates between the e original « curve MNONiM; and an ap- 
_ propriate straight line BB 1 Further reduction in moment causes the straight © 
line BB, to move farther from AA; and, when the moment is brought to zero, 
iL the residual stresses are represented by the difference between the ordinates of 
the curves MNONM and CQ, whose statical effect is zero. 
An important deduction i is that removal of bending memnant from the beam _ 
does n not result in the disappearance of all stress or of all strain. If point Y 
" in Fig. ‘19 represents the state of stress in the outer fibers o of f the beam when the 
Ne loads are first applied, the removal of the moment causes a reduction in stress 
2 3 o by an amount o., which brings the state of stress to point Z, Fig. 19, with a 


ike residual stress o, and strain é,. The presence of the latter is accompanied by 


the corresponding m-function is computed by Eq. 5. elastic strain and 
Stress 0 Oe superimposed on the outer fibers of the beam by 2 a — removal — 


the moment, 26a, using this value of m: 


un- my > 


re canes strain and stress in the outside fibers of the beam are: — 
a 


+ eg residual strain e, has t the same sign as the original strain e, whereas nie 


stress a, proves to be negative (that is, of the opposite sign from a). 
first These fi facts follow v clearly from Figs. 19 and id 20,0 
ation Se The angle change and the deflection caused by the 1e release of bending mo- — 
after ‘ment, in the case of the simple triangular moment diagram in Fig. 7, are found y 


than in caused by the moment removal, Eq. 


‘strai 
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form of Eqs. 37 is not entirely convenient. 1 by 
substituting for the moment its in terms of the m-function Eq. 


the following expressions 1 result: 


ae "Subtracting Eqs. 38 from the corresponding deformations brought about by 
creation of the moments, Eqs. 11 and 17a, the residual values, ¢, and 6,, 
remaining after complete disap ypearance of are found to 


n2 


‘The values of th the: functions m, n, and win Eqs. 39 refer to the state of ‘eal 


at the end of beam B, Fig. under full loading. -_Exprgssions in in the square ( 
brackets | do not ‘depend on the dimensions of the beam, except for the param- 
eter x, and they may be considered as the new derived functions n, and w,, 


4 40 can be used for the determination of residual 


this 1 reason, "Eas. 11, 12, 17a, 18, 20, and 21 hold equally true for the ores 
in their if the functions nand u are 


ur computed for r different values of the independent and the value 


erminate structure, “ 


“ ie angle change and d& Tesi 
in the equations “and 
— 
— “dal 
anc 
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— 
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= = 


in structures, in which the conditions « of sestraint make 
a free adjustment of the beam to ya no moment” § state impossible. As a result, 

moments are created when the structure is unloaded, and the stresses 
and strains caused by ‘the residual: moments, are added to moment” stresses 
and strains. Thus, a! ‘no loading” ‘condition following the removal of load in _ 


a statically indeterminate beam must not be confused with the “no moment” ; 


— 


discussion, particularly i in in the e analysis | of moving loads, it is — of some 


the elastic theory. Since this last statement is porte aos for further 


(ALS) (ELS) = (RS)... 


which (ALS) the. actual state of stress in the includ- 
jing moments, s stresses, and strains, found by the theory presented herein; 
(ELS) d denotes the state of stress under the same loading, found by the usual 
formulas s of the strength of materials (although it is known that the moments _ 
so found project beyond the elastic range); and (RS) represents the residual | 
“Sate of stress after removal of all load. The minus sign in the left-hand side 
“of Eq. 41 signifies the ordinary algebraic ‘subtraction of the moments, stresses, 
and strains pertaining to the two states. 

‘a Eq. 41 holds true also when the beam has been pre-stressed past the elastic 

- limit by one or several applications of loads, including movable loads, previous © 

to the application of the load whose effect is being considered. _In this case, 

(ALS) should signify the state created as a result of all loadings, including the 
Sa one; (RS) represents what remains after the last load has been removed; 
and (ELS) indicates the elastic stress condition ¢: created by the last loading | hare 
; alone. The details of application of this principle to movable loads will be 


46 + 0.92) = 17.31 in 


specific values are needed, pertaining;to an 181 54.7, can 
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0a) jon 1s ilustrated by an example | 
) shown in Fig. 21: h = 18.00 — 4 (0 
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lue 0.46 (17.31) = 7.96 in.’; Ay = (15.94 — 7 .96) = 3.99 and k 
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INELASTIC ‘BENDING 
be « obtained by substituting the foregoing values of h in the 
14. EXAMPLE 1 


ar 


Given a uniformly-loaded, fixed-ended, K =1 1 Gig. 22), find 
_ ey the value of the load (referred to as the capacity load) for which the stress at 
hed 1s the center just reaches the yield point. _ ‘For this value of the load find the stress 


conditions at the en ends an and the ‘deflection at’ the. center. ‘Find also 


(RS) brought about by removal of this load. 
Because of symmetry, there is only one static “unknown, the moment 


thee nd M p. be This is larger than the moment at the c center, M, C; and there efore, 
at some point n near the end, such as point D, the moment is equal to the moment 


nm = 24.2 (kips/in. 

‘units accompanying the expression for 

belong to the coefficient; and, in combination with the 
units of Ay and h, they produce 1 the proper moment units. Ses =o 

_ Trial 1.—At point E, Fig. 22, assume 1,000 ex =2 22, Then, by Table 


52.06 (kips/in.2); 1,000 nz = 87. 13 (kips/in. 2. = 26.03 


= 
By the properties of parabola, tl the length l, = DC, “over which the 


1=3 
L | 55 96.03 0.4787 1; then, 


Assuming: that the moment curve on the le length ED is straight, the sh shearing 


force on this te is V (26.03 — 22) Aw = 189.0 (kips/in. 2) - wh 


Remembering that in the the clastic region 


on the elastic part DC is ¢ po = (10-*) [3 (2)(1.1) (0.4787) — (1. 1)(0.4 4787) 1) 


(10-2) (87.13 — 24. 333 — ‘Then the total 
n length is is | is 
nen ure is repeated in trial 2, = 23 
=— The true of cal 


nm 


| 


4, 


— 


— 
— 
— 
— Th 
| 
— 
ang 
my td " or better, in assuming an appropriate value for the maximum strain at the end | ex 
. NE 4e-  -€R, and on this assumption determining the angle change produced on one half h 
of the length of the beam. This angle change should be equal to zero. IW 
ai 
— 7 
— 
— 
— 
eee 
— 
— ia 
— 
— 
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| 


‘The third trial ‘made with this of yields = 002 (10-%) 


‘Since this 1 is negligible, the = 22.25 (10-%) 1 be considered as the 


in nthe design Table 1(a):1 ms = §2.06 58.83 - - 52. 2.06), = 

dhe 


M = 26.11 (kips/in. Awh = Cur, 


in which ( Cu M = = 26. iL kips per sq in., is a a coeflicient. Linear interpolation has: 


extends, as in this particular onse, into, the strain-hardening region. Under 


these circumstances, two sennenably | close trials are sufficient for the solution. 
‘When the unknown strain is found in the plastic range, its variation with ¢ is 
5 not linear, and n more than two trials may be needed for accurate results. re ain 


_ The required intensity of the uniform loading (w) is now found by sta statics: x 


which Cy = 384. 9 kips- persqin.isa 


deflection 6 at the center of the 


beam is found, by reference to Fig. 23, 
as the sum of two deflections caused by 
deformations of ED and DC 


straight | line ed cuts the axis, 


frome = = 0.51 = 
a The shearing f force on the length ED i 


Ae 
0.02181 = 188.5 (kips/ins) 


| 


pes a The 1 values of n n and u at point E are found from Table 1(a) by mane 


(0. 0218 


poins Eq. _fh 
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INELASTIC 
0. By clastic re- 


“ations dpc = - 
xd (0. 4782 l) =0. 


comparison, two other sets of capacity loads and 
also given, one determined by the theory of limit t design (line 2) and the other 


a the elastic t theory ‘(line 1), corresponding + to the condition when the yield 
TABLE ‘Srrarns, AND Moments 


(Units Are: o Cw, and Ge. Kips per Square Inch; and ¢ and Cs, 


Limit design ; 2% 
Inelastic condition... . 384.9 1 85. 49 —26.11 


0.1743 |} +1.1 | +33 | +22 +22. 25} +35.49 


5 384.9 | —0.1001 ||—0.80] —24.05| —16.04 || — 1.60| —48.10 
Residual condition 884.9 | 0.0742 || +0.30] + 8.95] + 5.96 || +20.6: 65] — 12.61 


point has first been reached i in the beam. In computing t these additional data, — 


a fens following values of the beam constants have been used: E = 30, 000 4 


The state of stress (RS) is determined by to the 


stresses, and strains determined in Table the corresponding function 


— 
— 
— 
—i at 
COI 
Fa 
— 
— 
— 
= =). UM 
= 
— 
(= 
=26.11 19 
~10 
ve 
— at 
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This is done in Table 2(b). ‘The added the original ones are stated 
line 5. ‘They are found by increasing the v 
Elastic Condition” i in Table 2(a) i in the ratio of the loads, ee changing the signs. 


"opposite to the one « created by the original leading. 


Given a a fixed- ended I -beam with c= =1, loaded with a a concentrated load 


“which the moment the load senches the ‘yield point. also th the 


corresponding stresses and strains. 
a The conditions i in this problem are purposely as- 


sumed | SO as to create a great ¢ disparity i in the moments 

» and at the load. The structure is twice statically 
indeterminate. For this reason, the solution involves 
guessing at two moments or corresponding strains 


27945 Awh 
tions of the two in the first problem. The “Fre. 
= moment and strain n under th the load are known, and the 


; strains at the ends are assumed, using some e judgment and bearing in mind the _ 


relation between the moments in the elastic range. With the conditions of © 


_ Strain thus known, the angle change on the entire length of the beam and the : 
~ deflection of end E i in relation to the tangent ‘at end E; are determined and - 
_ compared to zero, which value they should possess to satisfy the conditions of 
restraint. . These deformations are found by the double application of Eqs. 12 
and 21c in the same manner as in Example The quantities e ntering 
formulas: are mostly taken from Table (a) are computed by geometry in 


Fig. 24. They are all conveniently a arranged i in Table 3. The values of 


kips 


Aw 
1,000 6. 5182.9 

1,000 (no — nox) (kips/in.®) ., : 158.7 


399.6 


with the values : “ the proportional limit, : where e = 1. 1 (10>), by the following ae 
relations evident from Eqs. 26: is proportional to €, n is proportional to 


+ gee 
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TABLE 4.—Resuut OF Succussive 


"TRIALS, EXAMPLE 2 


Dp 


0.65107) 


g¢=19.5 Kips per Sq. In. 
M= 13.00 Awh 


€=27.9(107 
o=38.45 Kips per Sq. In. | 


0.3251 


0.3251 


The values of stresses and ie. 


_ — 0.0034 — 0.08361 
_ 


_ to zero, are found from the two simultaneous equations: | 


ptrains are ex = (0.55 + 0.101)10-* = 0.65 5 (10); 


v> 


EX 0.873 dex — 0. .0435 dez: + 0.0836 (10%) = 0 
— 0.253 dex — 0.0430 dens +0. 0211 1 


The load , — the sum of the shearing forces in th 


Trial 1.—From values assembled i in Table ) 10-3 
andé=4| = a+ 37.79 (0. 2917) 
0. 9301) J \} 10- =-+ 0.0211 (107 


other trials are 
“now made, changing the values” 
io of the assumed unknown strains 
€z and one ata time. 


7 


0.55 | 1.1 | 28 | -+0.0836 | 40.0211 - givenin Table4. 
0.77 | 11 | 28 | —0.1085 -0.034 Assuming a linear variation 
Three 055 | 11 | 30° 0.0034 | -0.0650 
the vicinity of zero, the rates of 
0.1085 — 61 _ 
0.1085 0.083 


the and én, the whi trial, to make. and 5 both 


e two 


a 


« 


| 


— 
— 
— 
— 
— 
= 
6 
— 
— 
scrip: 
tion 
above 
— 
Pe 
f 
: bre now found by i 
| 


parts of of beams 


00 22.0( 00 - + 27. 
125 


_ The maximum deflection 6 occurs in the elastic region of the beam at point 


TABLE , STRAINS, STRESSES, MoMENTs Uneen 
imiti ition in w i 1 th ri oin is 
Li miting elastic condition in which P is such that the yield tis 
first reached inthe beam. 


_ Inelastic condition 1; residual quantities after removal of load. _ 

~ Inelastic condition 2; ‘beam loaded, and tl the e yield pointisjustreached 

Inelastic condition 2 ; residual quantities. 


at 
4 


Exp E 


ay 


248.72 |0. +0.157 tt —3.14 +1. 
402.29 | .. |... 1433 | 22 
...| 439.32 |0. 40.65 | +19.5 | —13.00| +1.1. | +38.45| —27.91 
| 10. +0.35 |+10.5 | —7.00 575 | +17.25 | +11.5. 8 | —24.55| +14.1 
554.48 10. +1.1 |+33 | 5 |+36.18 | +26.51 | +6 06| 
+0.72 | +21.63| —14.42 | +22. +13.23 29.54] 


‘eit 


| 


elastic 


These results ‘in Tabl 
loading, ; given for « comparison. 


ie Given a two- -span continuous I-beam (Fig. 26), with xk = 1 acted 
‘terable concentrated load; find the value of the load for which the stre 


jf 


iv 
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a) 
above] | 1,000 «| | | 1,000 | Ckips/ | | 1,000 «| Ckips/ | 

ed 

X 0.325) 2 (0.65) = — 0.0915 (10-*) =..(45b) 
‘att e 5, together with the conditions of (i 

ye 


ar the support just a the yield point. iti is assumed that the passage of the 
~ load producing this stress condition i is preceded by several passages of ae: 


Toads, whose values increase gradually to the capacity value. 
A concentrated load passing over the beam creates certain maximum posi- 
a. moments under the load; and in numerical value these moments exceed 
the negative moments produced at the middle st support. Therefore, under the 


: Curve qi in n Fig. 26 represents the ¢ curve e of maximum positive moments. 7 ~The 


middle sections of both | ‘spans, on which the moments exceed the yield point 
‘value My = 22 Av h, undergo inelastic deformations, making the beam concave 


M48 upward. When the load is removed, the residual deformations demand the 


presence of dow: nward reactions a at the outer st supports to preserve the conditions 


reached the course previous passages of increasing 
“Toad P, and it will not be ye displaced fi farther, on a new passage, as ung as the 
Premainsconstant. 
Curve II, Fig. 26, represents the curve of positive moments uiiding under 
— ee ‘the load, caused by the elastic application of the load P. When load P arrives 
ene  atan arbitrary point F, the actual moment diagram i is AgdC, Fig. 26. 7 By the 
oe a ’ principle expressed in Eq. .41, this diagram differs. from the e diagram cat caused by 

; %s the elastic application of the same load, by the ordinates of the curve III. 
ven . ‘Therefore, Gg = - fF, and Dd is the moment produced by the elastic application 
oo ’ _ of the load. T The value of the e intercept Dd, Fig. , 26, varies depending on the 
location of the load. Since the intercept BD i is constant, the greatest negative 
bending moment Bd occurs at the same position of the load as in the elastic 
range, -and by the ¢ conditions of the problem it is equal to 22 
. _ The solution of this problem involves the use of the el clastic formulas for the 

moments and consists of the following operations: 

a. The unknown load P is assumed; 


SS ‘Using this value of P, the maximum elastic. ordinate dDa and the ordinates 
the curves II and III are computed; 


| 


=. . Curve I is found by combining the curves IT and “a 
Dine ey — deflection of end A, Fig. 26, in Telation to the tangent at “ 


_— support B, caused by the moments ; of curve I is computed 


he 


value of the load 

In computing the deflection, curve I is replaced by a a ‘polygon. “Although 

a is curve does not. represent a moment diagram for any y single position of the | 

lo oad, it must be treated as if it were one. >. ae slopes of its Se * side 
must be used as the 
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(max) = 0 0.0961 PL... 


“CA a(t- + 


Trial 1. —In Fig. 26, let P = 136 


by Eqs. 4 


‘Kies Par INCH, FOR Finpina 


the ‘moment, M (max) ORDINATES OF CURVE 
13.08 (kips/in.*) Au h; the residual Fig. 26) 


“moment at point Bis M,=(22 
13.08) Aw h = 8.92 (kips/in.’) 
and the moments of curve > 

Fig. 26, are = (8.92) 
In Table 6, 


| 23.15A 


= 
eed 
oint 4 
the 
= 
n be CurvellI | Cuvel 
been |__| __ 
ising —2.37— 22.00 
(24.48 
-3.66 | 2449 
nder | 2416 
22.00 
 isshown in Fig. 27. The ordinates smaller than 22 Ajh are immaterial, since 
’ 
ton _ they do not produce inelastic deformations. All quantities needed in compu- 2 
ae lon are conveniently arranged in Table 7. The data are taken from able i 


of end A, Fig. 26, in to tan at 
% ¥, support B is determined by applying Eqs. 21a, 210, ¢ and 22a to the et 
_ conditions. | Eq. 22a is used for the interval TU, Fig. 27, where the strain is _ 
TABLE 7.—Derormation Data Fic. 27) 


1,000 nr | 1,000 ur 
Point Awh| (kips/ (kips?/ 


| 44.00 mie 


24.16 =| 48.32 |2.4 1.480 69.80 

23.15 «| «46.30 | 1.445] 0.280 | 12.81 | 
22.00 4400 | o | 


a at end A to bring this end 


back to its original position. The maximum strain e, at point B, so in- Boar 
“duced, i is found from the equation L=1 = 0.1994 (10-*) as follows: 
The residual r at meet B is now found by ‘Proportion: 


M, = 22 Ayh = 5.98 (kips/in. 2), Awh, instead of 8.92 Aw id 
ancy of —2.94 Ayh. Load P has been assumed too small. 6 by 

Trial 2.—Assume P= 136. .7 (kips/in.’) Repeating the procedure of 0 poi 


1, the discrepancy in moments M, proves to be +0.40 x Ay »h, show- 


ing that the assumed value of P exceeds the true value. The difference, how- 


ever, is undoubtedly less than 0.1 ——, anda new trial i is unnecessary. 

comparison of this solution with the results obtained by ‘the ery x 


~<a limit , design and with with the results | vail the limiting elas elastic condition is given in Biss 
Some error. is involved in this solution an inscribe od polygon has 

been: substituted for the curved line of ‘Maximum | moments. However, ev en 
if the residual deflection found o on mn the basis of this polygonal line m may be some- de 


Mar 
=. 
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wha 
Is aS 

—— = 0.245 | 11.18 | .. | (32.04 | —0.420 
(24.50 | 49.00 | 2.574 | 12301 | | 
o | 56.90] .. | | 165 
ection is: eye Limit 
— 

— 
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in Pi needed to affect the delineation: appreciably. 
_ Ifth the conditions of the problem are modified i in sucha way that the load P he ‘a 


assumed to its value on the first passage, rather than to 


TABLE 8, 07 Rusuuts, EXAMPLE 


‘Unper LoaD Ar Center SuPrort 
| (sips/in.*)) (= ips ) (kips/in.*)| Gs Kips 


be built up gradually in the course of previous passages, the problem becomes 
very laborious, although possible of solution. The — of the capacity 


load found under those cir circumstances will be smaller. sf 


Consider +a statically indeterminate 

one of the beams analyzed in the foregoing examples, and let the rays 
it increase gradually in intensity. i increase in loading is accompanied 
& by an increase in stresses, and several sections of the beam, one by one, reach ~ 
the; yield point. . When the number of such sections at and beyond the yield — 
- point, referred to as critical sections, is one larger than the number of static 
_teknowns, the capacity loading i is reached, since e a small further nee in 

intensity leads quickly toalargedeformation, 
Th his theory of of limit design Professor Van Broek proposes that the 
$ capacity loading be found bys assuming that the values of the bending moments me 
~ at all the critical sections are equal to the value for which the yield stress is- 
- just reached. This assumption underestimates , somewhat, the moments at 
critical earlier; but on the whole it is not far from truth, __ 
and (what is important) it permits finding the capacity loading by staticsalone. ==> 
 Itis conceivable, however, that before the structure yields at the last critical: 
Section it may fail at the first critical section, and this vital point must be aa “aa 


-dleared b before theory of com: be accepted. question can 


al 

— 

——= 

| 

645 

7) — 

7 
nd 

@ 
of 

of 

in 

en 

> 
= 


be answered only by an exact the theory of ‘bending, such as s the o one ‘criti 
ae. the foregoing sini the true capacity loadings, together with the ac- secti 
a. es states of stress, have been determined and compared sith howe 
et elastic loadings and the loadings found by the limit design. | e smal 
features of the mechanical behavior of structures, made apparent. he pwn rq I 
examples, are wort thy of notice. as di 
moment at the first: critical section does not remain constant, as the lengt 

This: ‘ment 

“sufficient to produce the 1 necessary angle change. — In the. om of stationary oe 
loads, as in Examples 1 and 2, Sections 14 and 15, the strain at the first critical [J exam 

section must almost inevitably extend into the strain-hardening region. the d 


; 2d fact can be best illustrated by reference to Fig. 22, assuming, for simplicity, a an [ critic 


consisting ‘mostly of flanges with practically no web. As the positive with 
és moment increases, the positive angle change increases also, demanding (by order 
52 sh the c conditions of restraint) an equal negative angle change ‘at the support; ae 
but, as long as the flange stress at the end of the beam remains within the | tion i 
plastic range, the end ‘moment Mz must remain constant, and virtually | their 
rane -inorease i in ‘the negative angle change i is possible, because | all yielding is « is con- one probl 
Re centrated on an infinitesimal length near the end. If the stress-strain curve eof &§ small 
| to m: 
ie ie ening, the beam ‘must fail at the ends under a load no larger than the ¢ one » which gn oy 
The presence of the web in an not modify this condition ap 
preciably, as may be noted ed from Ex Eq. and | Table 1(a). Eq. 136 shows that 
moment (Fig. 7) varies as the ratio corresponding to stress rare 
condition at the end; and this ratio, according to Table 1(a), re remains nearly 
a a ire seo in the later part of the plastic range, reaching a limit which in case possi 
Se = lis 1 is only: some 30% higher than the value at the end of the elastic part. usual 
In the ratio again increases quickly, sc so that its beam: 
value, required by the conditions of deformation, is s soon nreached. desi 
s oe An important conclusion ¢ can be drawn from this discussion: It is ail the “og 
a plastic part of the stress-strain curve, or at least not this part alone but mostly ot 
% ments in the r region “site the elastic stage, : as ‘visualized in the theory of ms 2s 


steepness and length the | strain-hardening curve, characterized 
aie e:. roughly by the ratio of the ultimate stress and the yield-point s stress and by the 
percentage elongation at failure, are very significant. In mild steel these face 


ay tors are quite favorable, : and the strains at the points of critical moments, 38 a 
tle, do not extend beyond the very” beginning of the strain-hardening range. 


~ the extreme case 2, bya great disparity 


| 
4 
De 
for 


we the value of 6. 2%, which is ne short of failure, . when the third critical Pe 
“section | has just entered the yielding stage. _ The result may b be quite different, — 
however, with some alloy steels and nonferrous metals, possessing a much 
e smaller ratio of the ultimate stress to yield-point stress than the mild steel. bes 
Example 3, dealing with a movable load, the  Tegion | of inelastic strain 
“s a8 distinguished from that in the two other e examples, i is spread overa large 


ie length of the span ; and, as a result, an ample angle change, relieving the 


sion of strain into the plastic region. 
ty ae Comparison of the capacity loadings sai different methods i in the thr ec 
al examples shows that the limit- design values are always on the safe side, which is 


is the direct result of underestimating the moment carried by the beam at the first iz 
an critical point. _ This margin of « difference i is larger with the stationary | loads than | 


ve with the movable loads, and in beams with x = 1 it seems to be u usually, of the 
of from 7% to 10%. 


+: ‘The condition that may require a special i i in this connec 


“problem, other than the one assuming a gradual pre-stressing of the beam by 
smaller loads—an assumption tending to overestimate the capacity load and 


to the design unsafe. This tendency is compensated for, however, by 
ch opposite. tendency, as and, when appreciable stationary loads 


Bis -oeeur at the same time as moving loads, the limit design is probably always safe. 


a _ Findings of the exact theory are thus very favorable to the theory « of limit 
a design when it is ; applied to mild steel and when the instability failure i is not 


It i is unfortunate that continuous, or 'fixed-ended, steel beams are rather 
rare in building construction. This condition limits the practical field of 
applicability of the ‘flexural ‘theory of limit design. On the other hand, the 
possibility of the use of this theory i in the design of beams provided with the 
we usual web and flange-angle connections, assumed ordinarily in design as simply 
" ‘@ supported, seems to be worthy of serious study. If the connections of such 


its beams are sufficiently strong, although quite deformable, the: end 

be brought into action eventually, after some yielding at the center, and 
aa design 0 on the basis of end restraints may prove economical, as well as § safe. i 
oy Such an investigation would have to be based on the flexural theory presented - 
wn herein and and on the penne data pertaining to the a and | rigidity of f 


the end connections. 


y of ‘ 

i The material presented 1 in this paper warrants the following conclusions: vs 


ed flexural theory provides (within the scope of its assump- oF 

formation in 


ye 


<4 
— 
he 100 18 case cited 1n section when the moving loads are considered to have 
— 
—— 

inge. 
iy of 


4 


we beams, cea of whether or not the material of the beam obeys Hooke’ 8 
We Both ™ loaded state and | the residual state, — after th the euiies 


INELASTIC 


a ald point and taken advantage of in the pms limit oon is made 


4 possible partly by the yielding characteristic of steel, but mostly by its strain- 


na 


Rates. 3. Flexural structures of mild steel will not fail at the point of the greatest 
i * ‘ stress before the capacity load (characterized by approach of large deflections) 


‘x  - Barring ‘the possibility « of a failure caused hs instability, the value c of the 
capacity load of a flexural structure, found by limit design is on the safe side, 
perhaps : some rare exceptions when moving loads are involved. 


Limit design may ‘prove unsafe when applied to alloy” steels non- 


_ ferrous metals in which the ratio of the ultimate stress | to the yield-point stress 


design: on the end restraints such beams. 


APPENDIX. ‘N 

symbols, adopted for use in jhe paper r and 
guidance of discussers, conform essentially to American Standard Letter 
Symbols for Mechanics (ASA-Z10.3-1942), prepared by a Committee of the 
- American Standards Association, with Society representation, and approved by 

the, Association in in 1942. In general, ¢ a substript | C denotes ‘‘center’’ ; denotes 


denotes 


“end”; denotes ‘ ‘elastic” + denotes “flange” r denotes ‘ ‘residual” ; 
1 “ultimate” w denotes ‘web”; and Y denotes “yield. 
A = area of cross oss section; 


breadth, o or or width 


(Eq. 45 


— 
— 
— lt 
— 
| 
functions determined 1 
ngth ; d in Fig. 7 is the distance 


ye 
‘ 


INELASTIC BENDING 


= modulus “a elasticity ; 
height, or depth; 


Var 
= span length of beam 


bending moment; 


= derived moment function of the material of of the beam for an. 


erived moment function of the material of the bones for . sl ar 7 


Eqal; 


rived slope function “i the m material of an an I- beam, Eq. 10; 


= derived shear aon the material of an I- beam, F Eq. 6b; 


: derived deflection : function of the material of 8 an I- beam, Bq. 1 


w= load p per unit length of span; 
‘distances along the longitudinal axis of a = sn element 


= distances from the neutral axis ; in 


= unit 


= 
Avy 


= unit a and direct ened 
unit shear stress; and 
= angle change. 
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SYNOPSIS: 


he various methods for computing beam deflection wis may be conti into. 


two main groups—the double- integration method and the moment-area method. 


In both methods, beam deflection i is considered a function of bending moment; 


i and bending moment, in turn, is a function | of the force system acting | on the — 


hi beam. In other words, deflection is computed, “not directly from the forces 

-_ acting on the beam, but rather indirectly , through the medium of bending 


moment. | indirect approach naturally y makes the computations lengthy 


r complicated, and the aim 1 of this paper is to — a more direct solution. 


INTRODUCTION 
te the concepti on of second and third moments of fore 
are derived expressing slope deviation as a ‘of the second 
moment of forces and couples, and deflection as a function of the second and 


third moments of forces and couples. 


he’ 


—must be in such formulas, the final results a 


from expressions of bending moment and they have the unique feature of 


ae | The method can also be applied to a beam | of variable 


. provided that it is s segmentally constant and provided that the secondary effects 
of axial thrust or ene as well as the effect of the deflection due to shear, 
appear, in the text or by illustrations, and are assembled alphabetically in in 


Norge.—Written comments are invited for immediate to insure publication the last dis- 


— 
we — 
— 
— 
(1) 
— 
a 
Inertia 
g 


given case, this paper is based on the following assumptions: ‘All forces are 
perpendicular to the reference line (ON, Figs. and 2), all couples are con- 


he second moment and the third moment M’ of any ry force Pa, with 


‘respect to any point N ‘taken as the moment center, as the force 
Pa multiplied by the square and cube, respectively, dis 


ne tance from the force to point N. Thus: (see Fig. 1): 

Pa aa; M"y = = P,a@ > and 


int force Pa * considered anes when a acting upward _ the 


the reference line ON. This 


uple ce can be replaced by two 


in n which the moment arm a i is infinitely small. For this case the second mo- 


and the similarly, is written: 


Wy = P P (ba + a)? 


the reference distance, or ‘moment is positive point Ai is isn 


left of point the couple 


My = = M.a; M’ 


and 


Characteristics of ‘Second and 


Fre. 
lanced force system shown in 
g. 3, with points O and N, in turn, taken as the 1 moment 
2 A 


A 
t 
q 
Ph [P 
— 
— 
> 
— 
Py. 
— 
— 
— 
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Taking ng algebraic si 


ws: — — 
terms as follows: + 


The moments of the force system (Fig. 3) respect to 


&a 


ee ee eee 


( (bm +2 2) => 


— 


a) + aM 


= 


Mem 


is immaterial. Eq. 106 defines the first characteristic of the ‘second and 
for and nd coupler; thus: 


Similar tc to Eqs. 9, the third n moments of the system (Fig. 
“yg 


(Mom 


is 
ia 
5b) Substituting Eqs _ 
Me 
— 
the 
(7a) 
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+3 at) + 2 bn) ] 


8 defines the char: acteristic of second and third 1 


an ‘a Theorem Il. 2 he third moment of a balanced force system with re respect 
+06. to any point N on the reference line is equal to the third moment of the 

force system with respect to any other point O on the reference line, plus. 
_ three times the distance ON multiplied by the second moment of the force 
eaten (with respect to any point on the reference line). The value of ON 
_ is positive when point N is on the side of point: 


next step is to consider the 
c My 
"unbalanced force system shown in 
— 

Hig. 4, consisting of the parallel 
Pa and Pz and couples 
and Let the resultant, of the 
unbalanced force system be repre 
a force Po and a 


te 
0 = Mec + 


first, second, third moments of the given system 
cei’ remain unchanged if if two equal and opposite fo forces (Po: and 1 P’o) and two a. 2 


and ‘opposite couples (M.o and M’ eo) are introduced, all acting at | point 0, as 
am, shown by dotted lines in Fig. 4. The given unbalanced force system (Pa, 4, P “i? 
j and M-p), together with its equilibrant (the force P’o and the cours 


line taken as the moment center: A "Ny of the given unbalanced force system : 

Aes om Ps, M 0, & and M. ep) is equal to the second moment M’’y of the balanced © 

force system Ps, Mec, Mcp, P’o, and M’.o) plus the second moment M” 
the resultant of the unbalanced system (P’o and M,09). Since the second 
i oe moment of a balanced force | system i is constant (see theorem I and Eq. 106), 


the second moment M"'y of th the balanced force system (Pa, Pep, Mec, Mop, P’ 
* - and M 20) is sequal to the ‘second moment M "o of the same balanced force 
system, which is equal to the second moment M’’o of the given unbalanced 


system plus M"’o ‘the, of the given a 


— | 
if 
— 
01 
— 
Bi 
tr 
7 


6, the second moment, M the equilibrant 


Eq. 14 defines the third deenpeetathe of second and third moments: — 
- Theorem III. The second moment (M’y) of the unbalanced force 
- system with respect to any point N on the reference line is equal to the ~ 
_ second moment of the unbalanced force system (M’’o9) with respect to any 
: other point (0), plus the second moment of the resultant of the unbalan 
force (M"o,n) at point 0 (Po and M.o) with N. 
it can be shown that: 


defines theorem IV, as 


system (P 4, Ps, M-c, and Mp) with respect to any point N on the reference’ ce GQ 
line is equal to the third moment (M'’o) of the unbalanced force system <a 
™ with respect to any other point O, also on the reference line, plus three a 


‘Theorem IV. Thet third moment (M""y) of the given unbalanced force 
« 


times the product of and the second moment (M’o) of the Mon) of 


the resultant of the unbalanced 

; 4 force system at point O (Po an 

Mo) with respect to point N. 
‘Finally, for a force system | sym- 


4 “metrical a about a point O (for ex- 
ample, as shown in Fig. 5), the 


third moment with to 
Ois: : 


= 31 Mea By - 


The third of any symmetr a 
respect the point of ‘symmetry is. equal to zero. 


J { loading; bi ut, if the 
effect of axial or tension is neglected, only the couples and 

- transverse loads applied on the beam axis cause flexure; any forces other than | 
» these need not be considered. The followi 


Case Concentrated Forces and Couples Acting I directly o on Azis. 


or normal forces and couples acting directly on beam: axis, use Eggs. 2 ” 5, 


and M 00) 
| 
b) 
7 
the 
lus. 
ree 
| 
-3(— Mea 
wore 
we 
ond 


: 


DEFLECTIONS. 


Po 


| 
taking the beam axis as the reference line. For oblique or indirect iia: re- 
place the given force system sof an en force sys 


tem acting directly | on 


Case 2. Uniformly Distributed Load 


(see Fig. 7(a)): 


3 


which i is numerically equal to the area a of the simple ‘beam ‘moment 


is symmetrical about 


«, 


point xe) (Fig. 


( 


P 


— 
— 
— 
EQUIVALENT FORCE SYSTEM 
; 
14: if 
a 
— 


M March, 19 


‘BEAM DEFLECTIONS 


Leal Normal to Beam Azis.— —By integration, n, referring 


= 


r points A and B, assume ‘that 2 a=—jla 
te 

> 


we. 


(8 


and . M4, = 


nd 


Second and third for conditions 


integration ai and substitution into 14and 15. 


or SECOND 


a 


AND 


Mem 


the | “reference line 
plane normal to the ith positive ¢ direc-— 


deflection at any A ‘positive when up- 


ward; dpa be equal to — 54 and equal 


the vertical deflection of point B “relative to 
thot of point A; YBA be the vertical deflection 


of point, B measured from the tangent to 


a the angular deflection at point B relative to that. 


d = — daz. 


W 


WE 
= 135 


nda 


(positive when upward); 04 be the angular rg a 
Section at which can be taken as equal 


@é 


thus: 


= +41, 
= 3 We. 
= 


may be. compu te 


3 


» 


ENTS ron Compumia 


a’ 


a-axis as the of the axis s (which is 
e” defined in the preceding ee the | oom as the 


Elastic Curve— 


+8 


Undeflected Position of Beam — 

oint A. The sign conven- — 


at pol 


4) 


~ 


re- 
oon, 
ect — 
\ 
— 
i 
~ 
3b) 
— 
9) — 
— 


Rig. 9 iii sa _— AB of astraight beam with constant flexural 1 rigidity, 
to Va and VB; M A and Ms; transverse 


-known Eeential equation of the elastic curve of the deflected 


=2=l.. 


the angular deletion of point B relative to point A is: 


sie 


‘oil in which M “aBis the second moment of the force system acting on the segment : 
, including end ‘moments and end shears, ¢ and point B is on ‘the right = 7 


= — 0 


= 


Mai 
{ 
Tht 
| 
bi 
— 
2 | 
— 
— 
— 
lll 
the force avatem 1 Fig. 9 is in equ 
4 Since the force system shown in Fig 


2 


2 


int A. 


which takes the positive sign when point B is on the right side of point A. 
Kgs. 29 29 give the first: reruercnannglin theorem of the method of second and 
third moments, for beam deflections: 
. Theorem VI. The angle 634 from the tangent to the elastic 
" curve at any point A to the tangent at any other point B on the right side 
of point A, in a segment AB of a straight beam of constant flexural rigidity, | 
“un .* equal to the second moment of the force system acting on the segment __ 
a AB, including end moments and end shears of the segment, taken with 
: respect to any point on the undeflected beam axis, divided by twice the 
flexural rigidity of the beam (that is, by 2 EJ). 
* The deflection of point B from the tangent at point A (Fi igs. 8 and = is: ee 
0 


Ma} | Mn 


= 


= 


in which M may z is the third moment of the force system acacia segment 


including end moments and end shears of the segment, with respect 


again to Fig. § 8, the deflection of point: Bi 


ba at O41 +y ypa = 64+ 04 


i tive 2 sign is used when point Bi is on the sight side of point A. 
ney a 31 ¢ give the second fundamental theorem of the method of second _ en 


Theorem VII. The deflection of any point B, measured from the tan ff 
_ gent to the elastic curve at point A, of a segment (AB) of a straight beam — sy Ss 
flexural rigidity, is equal 'to moment of the force system 
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which takes the positive sign when point Bis o e right side of po 
26a) 
260) 
AA 
26c) _ 4 
26d) 
a 
— 
— 
nent 
28a) 
Ld. 
nent 
side 
286) 
— 


- es Theorems VI and VII are aie: in nature to theorems I and II of the 
- moment-area method, and lead to identical “m The following examples 


- 


= be ‘Again, from 


ae 


2 


— ents and e 29b 
ng on the s 
— 
— Loaded at Free End.—Fe 
— theorem VI or Eq 
theorem VII or Eq. 318, 
— nd, from theorer For 
th 
‘tit 
| 
4) 
l 
— (35) 
— 


facilitated by using Eqs. 19, sub- — 
of Eqs. 36 to 38 may be facilitated by 
ase stituting — for W, and z forl. ne seco 
en iform load only, are, respectively “9 = 
‘End—By Eq. 310, with 
Loaded at Free End.—By Kq. 318, — 
Som Vand d4 = (see Fig. 11): 


For < ft, and yield: 


= = El 


which is in — per square foot, and J is in feet‘. 
5. Beam Subject to I ndirect Loading —The external 


By Eq. 31), with = 0 = 


A 


640. 


> 


5 


— 
— 
j 
— 
— th 
— 


~~ 


for = 20 ft, by Eqs. 29b and 31b 


=- 62? — 333. 3).. a) 


Ch: 2 108 2? 2 ,000 x + 1,00). pe 


q 
‘SrraicHT BEAMS oF SEGMENT TALLY FLEXURAL RIGIDITY 


“Fig. 13 shows the elastic curve of a beam whose flexural rigidity is (E I) ap 


segment / AB, (El I)zc for segment B BC, and for CZ CZ. B 


_ AB AB 


Substituting, M" 


Dez 


AC 


| 4 M''4z = 
@ 


= 


3 


apers 803 
by = 80 + + (— 1,280 + 
(42b) 
— 
(43a) 
| 
¥ 
= 
a 
4 


vat 
> 


Mi" 2,2... (6 


By the second characteristic of second and ‘third moments, Eq. 12 yields: 


_ Therefore, the general f formula is: a, 


r 


6EI 


| 

— 
— 

| 

by 
— 
of 

— 

— 
— 


in wh hich (compared with Eqs. 4 


ar 
1 


(658) 


beams of variable flexural sgiity, E Eqs. 48c 54 become: 


which Dy M’'az, and 


Azz 
_ by Eqs. 56 are naturally somewhat eed. 


The following examples illustrate the application 
B2,and 558. 


Example | 6. Cantilever with ‘Segmentally 


Flexural Rigidity—By Eqs. 48c and 54 
(ee Fig. 14). 


= 


—2PIXD) 


ee 


ant" 
ay 


ample Simply 8 ntally Constant Fleaural 


ity and a a Load at the —Referring Fig. 15 yields: 


ms 
(51a) 
(510) — 
— 
— 
al 
— 
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STATICALLY INDETERMINATE BEAMS AND FRaMEs 
‘The following examples illustrate the use of the x method of second and third 


Example Fixed at One End and Simply Support at the Other End, 
With a at the Center — —Refen 


Mon = =M' "9 


= BP; and M, = 


Beam ‘Fixed at B Both ‘Ends But Displayed Vertically through a a 
—Referring to Fig. 1600), with 


Ne 


— 


= be) + 


Pha; 17 = 


” 


22 — 2 


When equating 66a and 66b yields (144 36 
=~ 18 81 V., which reduces to: 
M. 48 V.—6M. + 12. | 
= 63, ‘equating Eqs. 666 and yields 18 M, — 81 Ve 


4 
upers p, 1947 
— 

© 
faye 
. (600) 

— 
(630). — 
- (63a) — 
— 
— 
— 
= 


‘Similarly, = 0; and Ve X M. X 9 =0, 


Substituting Eqs. 68 into Eq. 65: 


+Ve+8M 


“substituting Eqs. 68 into Ea. 


4s... 


69 simultaneously: M, = 1.17: 174 M, = 3. 3.13 kip-ft; and 


= 0.44 tin Brom Eqs. 68 and from static conditions of equilibrium: 


= 0.391 kips; = 0.844 kips; and R = 2.766 kips. 


Example 1: 1. / Derivation of the Three-M oment Equation. —Fig. 18 shows a 


tinuous beam of twos spans a to a any transverse load. - Fors simplicity, 


, 80 that = By 


Simplifying: 


ind Mats .(708) 


oat in whic ich M eT A represents the third moment, with respect to point A, of 
' Bi: ae the: external loads only, on the span AB, end shears and end | moments being 
‘and M’'3c,c represents the third moment, with resp respect to point | 


of the external loads only, on the span BC. Similarly, and M” "ABA 
the first and second moments, respectively, with reference to 
the external loads only, on AB (Fig. 18(0)): M ABA 


2 


a= 


| = 0: and M'"4p p= ~~ 
— 
— 
— 
— Eq. 68) into Eq. 676: 
in 
! fo 
2 
— 
4 


span BC Fig. 18(c)): 


Substituting Eqs. in -70b, the three-moment is derived, thus: 
h +1) Mp M"AB,A _ 


12. Continuous Beam.—The 05 Kips 


m in 19 may solved with the three- W=12 Kips 


x3 12 000) x 20] 
500 X3—10 (= 12,000) X 5] = — 304, 800 
“lb-ft; and Mz = — 10,160 lb-ft. For span 
Ge. Mao, Rs; x 10 12, 000 
X 5 - — 10, 160 = 0. Consequently, R= 4, A 


of and Prof. T. M. Yu, formerly of the of civil engineer- 
ing, both of the National Chung Cheng University, Nanchang, Kiangsi, China, 
their invaluable help in the p of ‘the 

NOTATION 
Wig 


— of the American Standards Association, with Society representation, — : 


= 


ag approved by the . Association i in 1932: 
= lever arm of a point foree;, 


= reference distance to the center of ¢ a a couple; 
= 
t=s 
= second 
= third moment; 


=a couple, or torque; 


4 | BEAM DEFLECTIONS 309 4 
— # 
3M, 
68) — 
/ 
4k 
(698), vic 
-4 — 
(69c) 
iC] 
icity, 
By 
— 
— 
— 
(70b) 
of 
ABA thofauniformload; 
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d 


W = 


ngular deflection. 


a 


‘ Pr 


— Pps point force or concentrated load, with appropriate subscripts to denote 
q = vertical shear, or total shear force; |= 
= distributed load per unit distance; 
= variable distances parallel to the z-axis; 
= variable distances and deflections parallel to the y-axis; 
= variable distances along a beam, to define the location of an increment 
— = = 
— 
— 
= 4 — 
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A RATIONAL EXPLANATION OF COLUMN 


BY FREDERICK L. . RYDER,” 
SYNOPSIS. 
a The general method of approach is to analyze, mathematically, the elastic 


behavior of the simple ideal column, and then to apply the results, with suitable 
modifications, to the practical column. 7 The basic differential equation is first 


set up, and then is integrated to 0 yield the fundamental column formula relating 


“axial force, , moment of inertia, ‘modulus of elasticity, length, and center deflec- 


For a given P/ A-value the va variation center deflection with the. L/ f-ratio 
is studied, for conditions : above the critical sal point. 1 ‘The projected length corre- 


sponding to any Vv value of center deflection i is calculated, thus s affording. an an ap- 


"proximate idea of the deflected column shape. chart relates values of P/A, 
projected length, and center deflection. Finally, the exact shape of 
- typical ideal column i is computed, and is shown to be similar for all ideal scien 
having the s same relative center deflection (Section 2) 
be Ibis next shown that, above the critical point, the! basic differential equation — 


; is satisfied if the column i is $ (a) straight, or (b) deflected to the position dictated 


by the fundamental column formula. ‘The stability of ‘the column in these 


two positions, and in faet i ina | position, is analyzed by a detailed study ‘of th the 

internal moments ¢ caused by deflection an and the external moments caused l by | the 

axial force. Iti As jis shown that only « one position of the column i is ‘stable—the 


position corresponding to the fundamental co column formula. The analysis 
also re ‘emphasizes the well-known fact that at the the detection 

_ For conditions below the exitical point, a cha rt the factor of safety 


an ideal column to the P/A-v -value : and the L/r-value. The differences be 


= the p practical and the ideal column are next discussed ; and the analytical ts 
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BEHAVIOR 


ve 


a, solution for the deflection and stresses of a column having end eccentricity, 


a initial | deflection, and transverse loading is | obtained. The “step-by-step” 

ae method for the numerical ‘solution of practical column problems i is then p 


sented in detail and i is applied to two typical problems (Section 14). Stresses _ 


factor in a ‘column loaded above ‘the e critical point are discussed 


INTRODUCTION 

i ed 


Most of the familiar and widely used ed column formulas are essentially bas 
the results of tests. are convenient for predicting column action 
rr under certain important conditions, but t they are not intended to present the 

mee rationale of column behavior. _ For example, some q questions that cannot be. 


answered by ordinary column formulas are: 


9 


= 
A. Why do columns buckle suddenly at the load 


B. What. are the actual stresses in the column? 


— others” of similar interest, can be a answered by an 
ca mt ie priori mathematical analysis, without recourse to test results. In fact, a 
% — solution of the elastic behavior of a simple column can be deduced 


mathematically from the given statical condition of the column. It is the 

writer’ 8 purpose to trace the mathematical ‘steps leading to this solution and to 

fi _ interpret the results in terms most useful to the average engineer. A 
As a supplement to the theoretical discussion, the powerful and universally _ 
b adaptable step- -by-step method of solving practical | column problems is in- ‘ 
cluded in the argument on actual stress and factor of safety. 


The scope of this paper, then, is twofold: 


as ad 
29 


iin 


N Notation. —The letter symbols it in ‘this ‘paper a are defined where they first 
‘ appear, in the text or by diagram, and are assembled alphabetically in 1 the 


“Appendix. Discussers are to adapt their notation to form. 
Tae FUNDAMENTAL DIFFERENTIAL Equation AND Irs; INTEGRATION | 


BY. ae The column shown in » Fig. 1(a) is assumed to be perfectly s straight initially, 
and i is of homogeneous material having the modulus of elasticity, The eros 
section and therefore the moment of inertia » 1, are ‘constant. The resultant 


f the load acts , thus insuring that 
ey P does not produce moment at the ends of the column. The length « of the 


olumn, measured the curve, equals 4 
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a 
| q 
y, oo ‘The column is shown in a transversely deflected position, 6 dian the de- 
p” fection at the center. At any point, such as A, the column feels the moment: 
re- eee eevee 
M = —EIX (curvature). 


rE: For present purposes, curvature is advantageously considered the “ rate of Ke 


change of slope per unit. of length along the curve.” Referring to the triangle 


of infinitesimals, Fig. 1(b): tere 
ot 
is of length of the curve ; and the ang angle of slope or 


Bq, i is the f undamental differential equation of the elastic curve of the column, *e 
and forms the basis for the present analysis, 


assumptions and omissions are implicit in Eq. 1b: 


a. Only the curvature caused by bending moment is considered in Eq. 1b. 
With the column in a deflected position, the curvature will be somewhat affected 
shearing forces. However, the curvature caused by shear i is usually very 
mall compared to the curvature caused by moment, and will therefore be 


Eq. is strictly true a member with appreciable curvature.? 
a The error is not important, however, if the ratio p/c remains larger than about — a 
.. 10, in which p is the radius of curvature and ci is the distance from the pee a on 


to the extreme fibers. For small deflections this error is negligible. Large 


deflections, , and consequently large curvatures, will affect the results | slightly. % ane 
6 The modulus of elasticity, E, is assumed to be constant, necessitating the 7 
‘maximum stress in the column to be less than the limit: of 


Chapter VII. 
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-..” which 7,2 18 made made equal t to the curvature. ‘ The true ie expression for the curva- +A 
ture in terms of 4 and see an y calculus text) is: 
— dx y ) & 


(Curvature re) = 


The cu is only when is, when the member is per- 


featly straight. ‘Eq. 4 is not valid when the member has an ap- 
precible deflection. The simplified Eq. 4 yields limited and imperfect results 
in the case of an ideal column, but i is basically important in the solution of 
problems involving the practical column. 


The first step in the integration of "Ed. 3 is the elimination of on one of its 


three variables. By Fig. 16), 


Key dy = —sin@d6..... tegr 
BY 


= 


y) 


— 
— 
Ther 
~The 
as 
— 
Integrating Eq. 6d, 
fe in which 4 is an arbi 
cos = 1. ‘Subs! and 
— 
— Rewriting Eq. 7: 
Ta 
angle of slope (6), 


and to introduce the total length of the « deflected into the 

-- (1 + cos 6) — cos 9). 


9b m may be simplified * writing: 


dy 
=f — cos? = 
k 


nus s sign disappears i in the num numerator of Eq. | 11 because Ne i is selected 


Vier : It can n be evaluated only between definite limits. Points B and Ci in 


Rg. 1(a) are selected as the lower and 1 upper limits, "respectivel 


hy - Eq. 10a at point B where y =’, it is found that co 


ti 
ese in 


‘Tbular values of K for different values of g have heat prepared byB B. O. Peirce. es 


— 


= 


— 
rva- 
(64) 


EIT are re known, then i it becomes p 


hence 6 can be The implications of Eq. 
13, with seat to practical engineering problems, are treated in Section 2. 
ag pressing question ¢ confronts the engineer in regard to the oui of ‘the 
column: ‘ ‘What is the relationship of the deflection to the load . ‘and to ‘the 


TABLE 1.— AND physical constants E, I, and 


the a aid of the fun- 
‘Prosecrep LENGTH OF . 4 SIMPLE 


damental column formula, Eq. 
18, it is possible to answer this 


question. by plotting 6/L, the 

1 relative deflection at the center, 

the ratio of the 

length to the minimum radius 

of gyration of the cross section. 

The ratio of course, is the 

accepted “criterion of stiffness 

for a column. “Incidentally, 

~ should be regarded as a measure 

of the efficacy of distribution of 

the elements of cross- -sectional 
poe of the column, in so far as resistance to buckling i is concerned. ) 
To Eq. substitute J = = A # and solve for 


a 


5 


iy 


in which P/A is familiar to sigue the direct compressive ut unit stress 
Consider a a steel column with Z = 30, 000, 000 Ib per sq in. and P/A = = 7 000 


er sq in. ‘Then, by Eq 14: 


win 


Es 12a and 13 to eliminate 


Eq: 18, the fundamen 
ot 
— 
— 
‘plot 
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‘See 
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Eq. 16 makes it posible to anil Cols. 1 to 5 of Table 1. . “The value of Ke cor- 
responding t to sin— g = 90° does not appear in Mr. Peirce’s table ‘but it can be . 
derived easily by using Eq. 13, thus: K = Crs “1 ‘aad 


plotte 


"various plotted points. ‘This is possible by 2 
solving for the different values of \/L,in which 
his half the projection of the column on the _ é Ss 
axis (see Fig. 1(a)). Having found and 
knowing 5/L from the curve of Fig. 2, the shape 
center, can be sketched. It is possible to de- Fre. 2 
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day + = dz 
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= (8 — y*) 
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‘kas = 2¢sin? de 


Be 190 can be integrated in terms: of elliptic integrals, but first some 
ma nipulation As necessary. Ih Eq. 19a, the quantity in parentheses can be 
written: 2 (1 — sin? ¢) — 1, from which : 
Integrating Eq. 19d from p B to Fig 
7" mes in which J and K are are elliptic snibiinii ‘defined by the last two terms of Eq. 19%. Bs. 
k= (see Eq. 13) i in Eq. 19d, and manipulating 4 


Values of J corresponding to certain values of g are listed in Col. 6, Table 1. JB val 


4 ‘<a ‘The e value of J for sin“ g = 90° can be obtained as follows: oe “the 
| Vv 1 — 1 sin? o= cos sing =1...... 21 


The values of /L corresponding to certain v: values of g, and hence 
brs ing to certain values of 6/L : and L/* are shown in Col. 7,T. able i. ‘and are e plotted 


eM in ‘Fig. 2. 2. Using | these values the center and end points of the column can be ore 
ane ae located on a scale drawing, and rough sketches of the column can thus be drawn 4 : 
for various values of 5/L and L/?, as shown in Table 2. 4g 
The sketches are largely self- -explanatory. 6 corresponds to a 
string, for which the effective value of fis zero. = 
It should be remembered that the results illustrated by Table 2 do not 
if the stress exceeds t the elastic limit of the material, 
Graphical Solution for and —To simplify numerical work, curves 
be derived by which the values of and d/L ca can be obtained quickly if 


the values of E, P/A, and L/# are known. 


method used to derive the curve of 6/L versus L/ in Fig. 2 can readily. 


ay bee extended to derive the curves of of 6/L versus P/A for various values of Li, § a 
Also, by Fi ig. 2, the curve of A/L versus 6/L canbe drawn. (The latter curve 
will presently be shown to be independent of the dimensions of the column.) va 


Bea _ These curves, shown i in Fig. 3, can be used to obtain practically all the informa- 3 
that may be desired about the column. For r example, with a given » column, 
a load P is be hence, the maximum moment, 


— 
— 
| 
— 
a 
— 
ae? 


P 6, and. si maximum bending stress, ZF can be evalua ed | (Z i is the 


‘modulus). “Also, with | 6/L determined, the value of A/L can 1 be selected 
“mediately, and the general shape of the column can be approximated. tee 
TABLE 2.—IpeaL CoLuMN ConDITIONS 
= 30, 000,000 Ls Per Sq IN. AND - Kips Per Sq In.) 


0.296 ost | 


Ib selecting a value of A/L corresponding to a value of 5/L, the 
value of A/L should lie to the left of the crest of the d/L-versus-5/L_ curve if x 


value of 6/L lies to the left of the c1 crest of the curve, and 
vice 


Q AY 


™ i 
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30,000 (2) P \ 
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and 0.1 in. in diameter, D, loaded to the conditions of Te. 1a) with 
1.25 lb. es The problem is to find the approximate shape of the elastic curve 


and maximum stress. ‘The slenderness ratio is 01/4 = 960; 
— = + = 160 lb per sq in. From Fig. 3, 6/L = 0.15 
and WL = 0. 46. ‘The: shape of the column corresponds roughly to the 
% 
i ‘shape shown as case 2, Table 2. The maximum bending stress is ‘equal to 


_PXs/LXl_ = 82 X 125 X 0.15 24 «46,000 Ib per sq in. 


In this case the direct stress, P/A = 160 Ib | b per sq in., is negligible compared 
Exact Shape of the Deflected Column. —To illustrate the completeness of this 
Oe a, santhenanitiend solution the exact shape of the elastic curve of a typical ‘column 
ae oa. ean be derived by finding the values of y/ L corresponding to various values of 
Nara 2/L, as x (see Fig. 1(a)) is varied between the values ofOandA. a 
‘First, integrate Eq. 196 between points B and A, Fig. 
10) at point A, as follows: 
1—¢ sin? 


Inc other words, inl 


in which and H are elliptic integrals, Eq q.13,k =2K 
substituted i in Eq. 230, yields: cts 


eee 


‘Assume that the constants are such that 


values of by tables,* the corresponding values of 2/ be determined 
by Kq. 24. Eq. 16 yields = = = 0.35 Therefore, the values of 
6 /L corresponding to the various values of 6 can be determined from Eqs. 10 


vote 


By referring to Eqs. 13 16, it can be seen ‘that qis if 6/L 
specified. Hence, the shape of the column is i independent of the columa 
: ee and depends only on the value of 6/L. ord oer there are two load 
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specify whether the column is loaded below or above the sa shown in Fig. 3.) _ 


Equitisrium Positions oF A LoaDED CoLUMN 


difficulties now require attention. First, the fundamental column 
a | formula, ‘Eq. 18, is obviously not valid for values of P/A less than the vate 


0.15 ‘TABLE 3.—Exact Snare OF THE DEFLECTED CoLuMN @ = sin n75°) 


0. 

| 

1.0822 | 0.3025 | 
ues 3 of 
0.0904 | 
(230) corresponding to 6/L = Oin Fig. 3. (The values of P/A and L/* corresponding — 


to = 0 are termed “critical” values.) For v alues of P/A below the critical, : 
the solution = 0% is first the trial solution— 
—in th the fundamental differential al Eq. 3, and noting t that the ‘must 


(24) equal zeTO ify y is zero everywhere: P x -£E I x 
‘a ‘i Then, the solution y y = 0 must be considered a possible solution of. a 3 
Then, under all, admissible conditions. In other words, the column may remain 
— perfectly straight for all values of P/A, whether above or below the critical. — aan 
a Summing up the solutions, Eqs. 13 and 26, the conclusion follows that, with a, 4 
— values of P/A less than the critical, the column must remain straight ; whereas ‘ 


lues of (With values of P/A greater than the critical, the column either can ‘remain __ 


a straight, or can assume the form dictated by the curves of Fig. 3 and illustrated 
to identify the critical values in paper with Euler’s well- 


known critical point. By' 1, critical corresponds to q = 0, for 
which v value Eq. 13 becomes 


Vv1—0 

4 


long | 
long 
Mp 
— 
— 
a 


which i is Euler’s familiar e expression for critical loading o of a The 

| of the word “critical” will be discussed in detail px esently. 7 7 

. demonstrated, when the value o of f P/A exceeds the critical, there | are two 
a widely’ different solutions for the shape of the column, ‘one corresponding tor 
om 4s perfectly straight column and one to a shape similar to those sketched in Table 


_ Do both of these solutions represent a stable « condition? To prove mathe 


cleat what is already known from experience—that the. straight column is . 


unstable, and the bent column stable—proceed as follows: = | 


= In : any ‘deflected ‘position | (see Fig. 1(a)), not necessarily an « equilibrium 
Bai the column feels certain internal moments as a result of its curvature, 


= ne ‘ Similarly, the load P applies certain external moments at all points | of thei 


deflected ‘column. If, at all points, the internal moment equals the external 
. moment, , then the column will be in equilibrium; if the internal moment is 
- greater than the external moment, the curvature will tend to decrease and the 
column will straighten; and, if the internal moment is less than the external 
moment, the er — tend to increase and the column will —— 
understand the meaning of the stability of the | suppose that 
_ loaded column is slightly displaced from ‘its ‘equilibrium position by small| 
transverse forces and that the transverse forces are then removed. If, with 
ae the « column i in the displaced position, the difference between internal and ei 
c a ternal moments at all points is such as to tend to ) restore the column to its 
original ‘position, then the column is stable; otherwise, it is unstable. To 
simplify the analysis, compare the internal and external moments at the center 
of the column only. . It will 0 be p possible to judge the stability of the colum | 


In mene the ‘internal and external moments at the center for different 


sectional area and per unit of le 


Ms sna Me, 
Tirst, a » particular value of L, Fi 


in which P'/Ais the value of P/A which would hold the column i in equilibrium, 
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a 

Also, by Fig. 1(a): 


| 

‘ in n which Pi is the actual load id applied t to the ecolumn. _ 
Consider a a typical column subject to various values the loading, P/A, 
with B= = 30, 000 Ib per sq in.; L/# = and P/A = 1,000, 2 ,000 


“4 - (critical), 3 3 ,000, and 8,000 Ib per sq in. By Eq. 28d: (384) eco 


an 
Table 1, the values of FL 


extern can ‘Sete 
sume tabulated, as shown i in Table 


30 4 296 4 
he curve of —< versus — will be a 60 2 1, 520 Bes 


if, with passing through the origin. 99 > 
AL _ corresponding to the different of P/A will be as s follows: 
‘ifferent 300 


yeedn 
length, 


3 


by these curves, can be 


studied as follows : 


= 1kippersqin.,a value 


is i in 1 the straight 
position, y= 0. If trans- — 
verse forces are applied 
cause the column to 


conesponing wos some of and if 
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be larger than ——, according to Fig. 4, and the column will return di posi- 


tion y = 0. Therefore, w rith less than the value, the column 


conclusions in 


Next, suppose that =3 value that is than the 


a critical, and which will cause ‘the > column to be i in equilibrium at a value of 6/L 
corresponding to point A, Fig. 4. a The shape of the column at this value of 


corresponds roughly to case Table 2 transverse forces, the 
a column is slightly displaced i in such a direction as to increase 6/L, then en 7 AL 


will be larger than Me AL A sand, by comparison with case 3, Table 2, it is seen that — 
® the column will return to the. equilibrium position as soon as the transverse ; 


7s forces are withdrawn. “On the other hand, if the column i is displaced in such a 


direction as to decrease then Me will | be smaller than M. and, by com- 
a parison with ¢ case 3, Table 2, it: is seen that the column will again return to the | 5, 
equilibrium ‘position the transverse forces are withdrawn. Point A, 
If P/A = 8 kips per sq in., , equilibrium point will lie on the descending 
A section of the versus-— curve of Fig.4. The shape of the column : at point vee 
B corresponds roughly to case e 4, Table Point B can be proved to bea point 


ty “of stable equilibrium by the methods just used to investigate point A, but the 
details of proof will be left to the reader, 


Consider that P/A equals either 3 kips per sq i in. or 8 ‘Kips per sq in., 
that the column is-in the perfectly straight position. Ate any value of 5/L less 
than the equilibrium value at either point A or point B, - BA 7, ¥ will be larger aie: § it 
Therefore, the slightest disturbance of the column will suffice to cause 
large deflection corresponding to point A or point | (The. deflection 
ve, A ‘cannot proceed past point A or point B, for reasons discussed in the preceding ihe 
paragraphs.) This s sudden large deflection is called “buckling. It is familiar 
engineers, but its mathematical and physical reasons are generally not ‘clearly 
Finally, let P/A = 2 kips per sq in., the ‘qitical value. The curves of 
and 7, 2Ppear to be tangent at the If this is true it is 
true), then at any point close to the aise equal. 
Therefore, the deflection of the column must be (This ¢ 
-elusion i is proved i in an entirely different manner in Section 4. 


fe 
co 
th 
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(1) At values of of P/A below the critical, an ideal column m must remain : pers 
(2) At values of P/A above the critical , the column may either remain 
"perfectly or may assume a shape | dictated by Fig. and illustrated 
Table 2. if the column is straight, the slightest: displacement will suffice to 
cause th the transverse deflection to change suddenly from zero to the deflection — 
“corresponding to the the curves of Fig. 3. 
(3). values of P/A close to the critical, the deflection is 
and | may : assume any fairly small value. OU 


remains to prove the at the load, t 


curve is tangent to the A L curve at 0. By Eq. 28e, 


the slope of the curve eat =0e quals: 


MW 


in which P, is the « critical lend. ‘By Eq. 3 28a, the of the AL 


+ 


‘Since at the critical Pe ana L =o then, by Eqs. 
and —— versus + are indeed tan aon a 


This result leads to. a further interesting in n regard to to shape 


the point. This conclusion on agrees with the shap e of urves x 
Srress AND Factor or Sarety Brow 
All ‘structural columns, and most ‘machinery columns, are designed to 
: 
Operate below the critical point. these ¢ the transverse 
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case of 


= 


relatively columns, the direct stress P/A reaches the yield and causes 
“aan before the load reaches the critical. oy The factor of safety, N, must there. 


be based either on P., on P, (the load that 


baat duces a direct stress equal to ay, peace yield-point stress)— 


In the case of steel columns, ities E and Oy taken at 


the values of P,/A aud P./A may 


the values of (see Fig. 
=a constant = oy, whereas P,/A 
formula by writing 


_  X 30,000,000 _ 29 


AR. 


296,00 00 


5). The ratio P,/A_ 
may be derived 


had already occurred, caused by ¢ a direct stress. greater than "Neglecting 
3 this section, one may proceed to redraw the remainder of the curve for different 
“factors of safety, simply dividing the values of P,/A and P. (/A by the sagen 
of N. In 6, if is not 000 lb in., or, if is 
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ib 


seems fair 


than to the part based on P,, since failure baby the point i is much 
and than is failure caused the direct stress the 
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‘ a which the subscripts cand y siaiiiaiaaals the factor of safety i is based on 
he or oP, . Accordingly, the values of N that are indicated for the straight and ‘ 
curved parts of each of the curves of Fig. 6 were chosen to agree with h Eq. 31. i J 
Tie 6 enables the designer to determine the factor of safety of any y simple, ps : 
-jdeal column loaded below the critical point. According to the analysis in 
| Section 3, the stress in 1 such a column i is nothing more or less: than the direct — 
ico The actual column, however, , differs from the ideal in certain important Ag 


ae End Restraint —The actual column is wines subjected to a certain amount ee 
of end restraint. - This condition tends to strengthen the column, and may be sts 


« taken advantage > of in design when an appreciable degree o of end restraint n may 
be expected. _ In . practice, however, it is often (lifficult to evaluate the amount of - 


end restraint. is shown in standard texts that the of end 
restraint is to reduce the effective L/#-value by half. 
External Moments and I rregularities of Shape.—External in addi- 


tion to Py (see | Fig. 1(a)) may bea applied to the column, because of eccentricity er. 


of the load P or because of forces applied ‘anywhere on the column, or because > - 
of the weight of the column itself if it is not disposed vertically. f The moment "a a 
at any point c of the column by these external | moments will be called 

M(z), the notation signifying that M is a function of x. (For reasons of in 
- plicity, external moments other than P y, which are functions of y, will not be 


considered.) Also, the column may have some initial irregularity of shape. 


‘Let yo Yo equal the initial deflection any point. 
: 


cussion is shown in Fig. 


An example of: a column such ¢ as s the one under dis 
ere 


‘in n which Wi is the — load uniformly distributed. 2 gy 


considered i in this section. Withs suc the following simplifications 


(0 The curvature may be by 


Y (see Section 1 ‘Ea. 
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can be to mean that M, the moment at point, is equal 
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olumn, 


M =Py y + M (2) = 


as before, Eq. 32 can be written: 


33 is a , linear differential of second order with constant coeffi- 


cients, and is treated 1 in every standard work on differential For 
the column shown i in 7, the solution ¢ of 33 works on to be: a 


Knowing y, the moment M can be determined by Eq. 32, ; Hence, the. maxi- 

mum bending stress at section, (ny which c is the distance from 

the neutral a: axis axis to the extreme fibers), can be. ‘The total stress is: 


to the 


y be 


ma stress oy ‘and the actual external loading, and may “be deter rmined by trial. i 
If = a and : =W-= = 0, then, by Eqs. 34 and 32, it can readily be 


> 


35b i is the well- known secant 


many pret Moat atractunt 


olumn is equal to Eq.4 
— 
| 
ty 
— 
US Value cal 1 
routine methods of the differential calculus. ‘The tac y me 


shape of the column is usually roughly similar to a cosine curve, oni the 


e 


iq. 4 “of € can be determined easily by stretching a string b between the ends of the 
7 _ member. By substituting the highest probable value of € in| Eq. 35c, the high- C 
sx seest probable bending stress caused by initial camber may be determined. __ 


the camber formula, should be carefully distinguished from Eq. 35b, 
- q the secant formula, which gives the bending stress due to. eccentricity of the aa ; 
- 


er It” is ‘possible to derive Euler’s formula for critical loading from Eq. 34 


eis to zero and k? = — ‘Miia < 0’ which is indeterminate, and 


In the case just mentioned, if = 0 and k? Ry, reduces to 


0. __ Therefore, the simplified differential ‘Eq. 4, from which Eq. 34 was 
a derived, fails to give a satisfactory solution in the case of an ideal column. For 
. ‘that reason it was S necessary to use the more exact, if more difficult, Eq. 3 in 
a = The Step-by-Step J Method .—The formal solution of Eq. 33, tedious under the | 
maxi- of conditions, becomes prohibitively complicated i in cases, especially 
paler r when J is variable | or M(z) is discontinuous. In such cases it is usually ~~ 7 
from practical to use some form of numerical integration. _ The step-by-step method 7 
oss is of numerical integration, a mathematical weapon of long standing, has certain 


a me distinct advantages in connection with the solution of column problems: 4 
(35a) (a) It is not a trial-and-error method, but leads directly to the solution. | 


(6) It is universally applicable to all columns whose relative deflection is is 
se a small, enabling the designer to solve widely different types of column problems P= 
ay be with only minor changes of technique. 
-point bi (c) It may be used to ‘obtain a rough solution faitly quickly or ie obtain an ’ 
accurate solution at the expense of more numerical work, as desired. 

ede ‘Inthe step-by-step method the column is divided into a number of intervals, at 

“not necessarily equal. All variable quantities are considered to be constant 
during each interval. ‘The change, A, in any quantity in each interval is ob- 
(858) "tained numerically, and the value of any quantity at the end of any interval a 
“a is obtained by adding A to the value a the quantity at the beginning of the ‘ 
Applying this process of f reasoning to to Hq. 82 01 and letting the or order of differ- 


for example, 


~ entiation be denoted by primes | 
note y pr ‘daz? 


— 
¥ 
— 
— 
— 
2 


y's —ya= Woe 


if the interval i is small, —— can be practically con-— 
stant between points A and B. 
Ay’ =A 
4 


by moment—the latter term. 
Next, integra te Eq. 38a c over the interval, once more letting = 


tate + 


oc 


Ms, 


change of deflection of the unloaded column, 


via 


deflection caused moment—the last term | 


equal to — 
38), end 41: are the keys to the 
‘The actual technique of procedure will be illus- E 


le. 


nee : 
— 
— 
BO 3 
— 
— as 
ection over an int ion pre 
= 
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—— values are as Shaun E = 30, 000, 000 lb per sq in.; I= 0. 0491 in rr 


= 0.785 in L = 30 in.;€ = 0.1 in.; ; P = 2,700 lb; and e = =lin 
‘The column will be divided into 5-in. intervals, ‘starting from the left 


“Considering Eq. 38), ‘iti is clear t that y must be evaluated. ‘The first 

of these: terms can be calculated from the known initial deflection of the aearend 


Ay’ 


The calculations leading to the values of Ay’, are tabulated i in Cols. 1, 
~ and 4 of auxiliary Table 5(a), and the values of Ay’o are listed i in Col. 


rea In cases where Ay’, cannot be | derived analytically, it can always be ob- 
tained from the known initial deflection the column. 


(Next consider the 


4 


viv 


to calculate moment at any point of an ordinary the 


art word i in cai to sign conventions will be i in order at this point. 
ositive to the 1 right, and y is positive downward, as in Fig. 8, then | 

— acting to the left of any section are positive if they are clockwise, and moments a 
acting t to the e right of the section are positive if they are counterclockwise. — 
condition be found to be i in ‘accordance with previous in this 


fon 0459 + 0.000306 


Th calculating the va ot , the value < of the middle of the 


will be used. The e value $F 


ion of the average value of 


will be u used where necessary to denote ini 


— 
4 
or 
at — 
on-— 
4 = 
y — 
ma 
un- — 
crm 
and | — 
(39) 
in which M (z) is a function of z and constants, and M(y) is; 
— 
(40) 
ae 
being 
lunz 
neter. vi — 
entire interval. (The subscripti — 
| which are taken at the middle 


‘The ne: next step is to value eof 


EI ~ 30X10" X 0.0401 2,700 0.000189 


ae for use in Kq. 46a; thus: 


0.05 0.0524 | —12.5 0.003824 0.000766 0.02295 6 


Eq. 46a 0.00918 2.56 = 0.02295 (Col. Ww. Adding 


. 


of aninterval.) The calculations for determining MO) ET 


By ‘Fig. 8, = P rs 


An approximate value y; (the value of y at the of any ay can be 


terval From Fig. | 8, at ‘the the first interval, y= = 0 ( 


> 


—0.866| 0.00908 0.0366 | —0.0454 | — 7.5) —0.002205| 0.002205] | ul 
| 0.001228 | — 0.133756 
—0.0366 | 0.002295 | 0.006885 
as +0. 176. +19. 2000 | 
a? 
the e column. Then = 2, 56 (Col. 24), and 0 (Col 


a2) 


= 


1 
|. 
FOR 
= | 
| 
| 
0.244 
2 
: 
J 
| 
| iy 
— 


= 


>, 


0. 02295 (Col. 17). Adding: Cols. 1 7 1 18, the value of y’ at the begin ling 
the second interval is obtained ; thus: m 002166 re 0.97705 @. 
It will be necessary to carry ene. the unknown, @, in the computations 


until some known condition of the column makes a solution possible. the 


present, 6 will be treated exactly as any other of the values. 
The ne next xt step is utilization of 41 . The of is to 


adn may be obtained analytically graphically. 


values. of Yo Ayo are listed in Cols. 5 and 6, ‘Table 5. The values of 


‘ y's have already been derived (Col. - i = 5, the values of - 


(Col. 7) can be obtained. 


In the ails case 


| as) 


his 


| —0.0024 


—0.0088) 


—0.002166 | —0. 


025130 — 0.004316 —0. 005410 
+4.7166 |+ 4.94266 42. 4430 


44271 e716 9.6590. +2: 2700 
—0.10792 0.091706] —0. 04205 
—0.15252 |— 0.199626] —0.06545 
| 


—0.18788 |— 0.352146) 0.0861 0861 


+0.97705 +-4.885 
—0: 04105 


66 |+0.90040 |+4.545 0 
67 |—0.016818 
140.7998 6 |+-4.006 

0.026185 —0.1310 


| 
405 654 +3. 270 8 


—0. 0677 
0.0128 


: 


+0.198 @ 


[40.478 


+20.395 6 


+1. 1950 


0.540026 


422.2900 


Col. 19. Also, the value of — = — 2.5 X canbeobtained from Col. 

16, and is shown in Col. 21. ' Referring to Eq. 41, Ay is equal to Os 004316 
+ 4.9426 @ 6 (Col. 22). Adding this value to the first value of y (Col. 28), a. os 


value of y at the beginning of interval thus: 


py 


— 
— 

ba) 
be 
— 
— 
6b) 

TATIONS 
— 
| 0 | 256 — 

0.010) 56 
| 10.4958 | +1.895 6 EY 

By 
10 


BEE 

the properly for easy numerical manipulation. arrangement 

: actually chosen was not based on any general rules, but was built up ¢ after a 


few trial calculations to suit the needs of this particular problem. 


ae The calculations will now be traced through the second interval. Knowing 


y (Col. 23) and y (Col. 18) from. previous calculations, the values of ys 

Col. (12) and of 


e added to find (Col. 18). B By Eq. 38, Ay! (Col, found. ‘From 


0.008212 + 0.9094 at the beginning of 


(Col. 21): are e easily. 


EI 
end Eq. 41 A Ay 0. 02513 re 4, 716 8 


ng this value to the second value of y results i in: y = — 0.029446 


22.29 @ at x = 15; but, according to Fig. 8, y at this point “equals zero. 


4 rom C Cols. 


0 = — 0.540026 + 22.29 6, = = 0. 


Ww ith this value. of g substituted i in the computations, any numerical values 


computed, are e shown i in Col. 43. - For the sake of comparison, the of 


ye in Col. 14 are the values of by the “exact” equation n (Eq. 34). 
e _ The correspondence is is remarkably close, in spite of the fact t that the calculations : 


ow were ‘per formed on an ordinary 10-in. slide rule. The discrepancy i is less than 
1%, an insignificant amount in engineering calculations. — aad 


of values of (Col. 16) can be determined. 
right end of the column, and i is ; 
2, 700 in. The maximum stress is 


= Ib per s sqin. The direct stress, P/A, 


. 


31, ,000—say, 30, 000 Ib: per sq in. 


‘Using a a factor of safety of =4 based on a yield OF of! 30, 9,000 lb per 


1., the ne allowable load is found equal to P, = = 675 + Ibi in 


axial load and moment. Such a is: 
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ng- Mf in which P/Ai is the direct stress, -M is the maximum moment with the column — 

ra “at its initial deflection, and (F is the direct stress that would be allowed for 

in the column if M were zero. 1} Noting that Ze 120, the proper nalen of 
- to yield a factor of safety | of N = 4 is 5,150 lb per sq in., by Fig. 6. ‘The value 
of M can be shown to be a maximum at the right end of ‘the column, where itis od 

ualtoPe =P. Then, by Eq. 48: 5,150 = = =450lb. 


a Then, for a factor statis of N = 4, , the allowable value P = 450 lb, as a 


by the approximate formula (Eq. 48), is 33% smaller than the allow- 
5 of a able value P = 675 Ib, as obtained by the relatively accurate step-by-step : 
method. "Clearly, formulas which are of the same 

ned order of approximation as Eq. 48 are unsatisfactory 

in close design. They very however, as 


The column shown i in Fig. 9 is fixed at 
| its lower end and free at its upper end. ‘The lower 

part, 200 in. long, is made of steel pipe (outside di- 
ameter, 4 in. and inside diameter, 3 in.). The upper 


‘in. long, i is made « of steel pipe (outside 

diameter, 3 in. and inside diameter, 2 in.). wind 

ei force, of 30 Ib per square foot of projected area, — 
acts transversely. A load P acts at the top with» 
-" , an eccentricity of ¢ in. The distributed weight of the 

ed. The initial deflection of the is assumed to be 

Egs. 386 and 41, Tespectively, reduce end to: 


a Bo For illustrative purposes the column is divided into only four intervals. — PZ 
sq = 125 in. between points a and b, and 100 in. between points b and c. 
zi Also, let the wind force be represented by wy pounds per linear inch, and assume | 


that W, the w weig ght of the column i in each interval, is concentrated at the middle 


The axes and y have been chosen to agree with the adopted sign conven- 
tions, By rotating Fig. 9 through 90° counterclockwise, it can be seen that this 7 


| olumon Is really one half of a symmetrical column of the conventional type, ae 


| 


q 
— 
— 
490) 
wh 
ix 


= 


at point s a, 


poin 


_ ‘The numerical values are as follows: al = 1,000 Ib; e= 


000,000 Ib per sq in. 


rom point a to point b: A = 3.93 in2; = 3. 


= 0 and ; y' = 6; then | progress along the column as far as 
point c. At this point the knowledge that y” =0 wi 
Knowing: the value of @, ‘itis is then possible to evaluate 
ts of the 


perin.;¢ 


5 


= 125in.;W 


=A X weight per er cubic inch = 


140 Ib; and | 305 10- 


permit a solution for 0, 
’,M, ete., at the vari- 


10 in.; and = = 30,- 


“a 


125 ™ 3.93 X 0.2834 


0.3125 


10- 


os, per in.; is = 100 in.; 


10 ,000 + 250. xX 0. 625 - 125) 


52a + 16,500. 


= 


U4. 


W =100X5.5X 0.2834 = 


= 0. 


eee 


ae Wy 


=W 


on | 0,980 | 

125 | 187.5] 10,980 | 

25 800 37,500° 600 

66,600 | —20,8 592 | 

4 

From am b to point c: A 5 


Pet 10, 000 0. 3125 2?.... 
rir 


= 0, 4165_ a? — 


140| 62,500 


4171, 300 | 
6.258 2,730 | 


+252, 300 100 6 


For = 250 and val 
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TABLE 6.—ComPpuratiox 

| Mae MO) 

aye 2) 


8,750 @ 


256.5 —1.832 -2088 


$33,550 +177.3 0 193,350 


6.253 
472,950 0 |-+250.30 || 


| 121,000 | +307.6 


ae, 


—— 
the 
Wie. 
— 
— 
— 

506 

— 

il 
— 
— 
— 
— 
— 
— 
..(50a) 
++ 
— 
— 


=> 


| 
| 


3 


The expression for the value of M (y) at the middle of the 

derived as follows, remembering that the subscript i refers to values taken at 

middle of any interval: [M(y)]n = P(yi)n + War [yin — 


R THE CoLUMN IN Fie. 


11,220 0.01465 


| 18,86 890. —0.02465 | —0.01465 


193,360 0 4193,350 6 —0.2525 @ +0.9184 6 +114.8 0 $119.90 


~7,751 30 | —0. 0119 -0. 03930 93 595, —4. 


289,450 0 | +289,450 0| —0.1122 | +0.6659 0 $06.50 5.610 | +60.98 +218.9 0 
15100 | 47,200 | ~0.01832 | -0.0512 6.036) 8.813 


+368,600 | +368,600 6 70.1481 6 “40. 5537 $55.37 Hs. 216 +4279, 9 


af 1 | 


calculations are shown in auxiliary Table 6(a) and in main Table 6(b). 
Cols. 1 through 4, Table 6(a), lead to the values of M (x) listed in Col. 11. a To as 


evaluate M(y), it is first necessary to evaluate y;. Knowing that y=0 
19) y= (Col. 15) at 3 t= 0, it is is possible to obtain the first value of 


=y +3 (Cols. 20 and 10). Next, since the different vs values of W 


known, it. is easy to tabulate the values of (Col. 6). Then, the first 4 


values of ys (Col. 8), W ys (Col. 5), and y; (Col. 9) can be listed. 


- Also, the first value of P ys can be listed (Col. 7). Then, by Eq. 52, the first te 
vy value of M (y) can be calculated (Col. 12). By adding this value to M(z) aes 
(Col. 11), the first values. of M (Col. 13) and of Ay’ (Eq. 49a and Col. | 

Brey can be listed. The latter value is added to the first value ° 


pers 
4 
de: — 
arl- 
0, 
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co, Eq. 51: 
obetakenfromiton. — 
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+27.65 6) 
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: Next, ‘the value of Ay i is calculated by Cols. 16 and 17 (see Eq. 498), ail is 
aed in Col. 18 . This value is added to the first value of y (Col. 19) to obtain 


the second value of y. The ‘second value of wry + = 5 y’ can be computed 
we using the second values of y and yf S The computations then proceed as before. § 


 ‘Kinally, at = 450, y’ is found to = 0.0695 + 0.4106 6. Since e this 

quantity is known to be equal to zero, # can be evaluated, and is found to equal as 
; 0.1 1692. _ Then, tl this 3s value of 61 may be substituted to yield ¢ the values of y, y’, ae 
M at the various points, as desired. These values may be plotted to ob- 


tain values at points other than those used in the computations. The details ” 
of this of the procedure are of the numerical results are 
Percentage of the Total Bending ‘Stress | at nt ¢, for the 


on the undeflected column. . 


These numerical values should be considered illustrative rather than ac- 


curate, since only four intervals were used in the calculations. 
General Remarks.—It i is necessary to carry along an unknown in the caleula- 
: tions. In both of t the numerical examples selected, this unknown has been 6, 
7 ie value of y’ at a certain point. In some e types of problems, however, it is 
7 ee advantageous to choose for the unknown a value of y or of M. Then, with the 
aid of ] Eqs. and 41, the computations are developed i in ‘much the way 
as in the illustrative aero: of the paper. Finally, a point is reached at 
which the value of y’, y, or M is known, , enabling the designer to to evaluate the 
With: the value of the unknown determined, ‘it 


The method is not procedure that will afford a check on 
the numerical work and that will at the same time give an indication | of the ‘ 
_ accuracy of the method is to work through the computations first with 2 a small 
number of intervals and then with a larger number of intervals. A. comparison — a 
Py will ll reveal numerical errors quickly. _ Also, since the results generally converge 4 
very quickly toward exactness as the number of intervals is increased, the 
5 Beeps between the two sets of results gives an approximate indication of the 


error caused by choosing a f finite number of intervals. 


— 
| 
— 
— 
| 
— 
— 
——" j|. The computations should be carefully grouped to save time an Eu 
— 
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Only 0 one such column— —axially loaded at the ends with negligible end re-_ 


producing a a bending stress equal to the yield stress. The safety factor may be 


whereas, below the critical point, any ‘small ‘eccentricity or irregularity. causes 


re, 


critical point for an actual column. The sharp mathematical discontinuity 


™ 
| 2 

‘The step-by-step method can be: applied directly t to ordinary beam problems. 
3 * te that case M (y) = 0, and the ne moment at any r point: can be written im- 
— thus greatly simplifying the procedure. 
SrRess AND Factor OF SAFETY ABove PoINnT 


oe loaded above the critical point, of course, would never be used as ae 
~~ structural members; but sometimes they occur in the form of ees mem- — 


straint, eccentricity, and irregularity «Of shape—will t be treated. The direct” 


— will be neglected, since it is generally small compared to the bending — 


stress. _ With a given column and a known load, 6 can be determined immedi- — 
ately by Fig. 3, and the maximum bending stress, oy = can be arent 


readily. The factor or of safety, N, may be defined as my —, in which P, is the load os a 


or =. The difference between the ideal and the actual column is less marked above, 
+ than below, the critical point because, above the critical point, the large de- 
- flection is only little affected by minor eccentricities and irregularities of fabape 


the column to depart from its ideally —- position an and thus mavetnemn an 


appreciable bending stress. 
* 


~ 

o. The integration of the fundamental differential equation of the nde: ideal soll 
@ column leads to to two solutions, one corresponding to a perfectly ‘straight om. 
> and one corresponding to a certain deflected shape. . Below the critical point, a aa 
only the first of these solutions exists; consequently, ‘the column must remain ae ; 
S: straight. _ Above the critical point both solutions exist, but the first is unstable Pe 

and the second is stable; consequently, if the column is in the straight condition, — 2 
th slightest disturbance will suffice to throw it into the deflected position. 


With the column straight, the stress consists only of the direct stress P/ A. . aa 
the column deflected, the stress is chiefly caused — exerted 


are are small, and the elastic curve the column can be re represented ac 
ae -curately by a linear differential equation of the second order with constant on 
2 coefficients. The ‘solution of this equation is single valued and continuous a 
ae within the practical range; hence, the shape of the actual column must v: vary . 


= re continuously with change of load. . In a strict sense, therefore, there is no 


that occurs in the critically loaded ideal column is leveled off, to a greater or 
‘extent, by t the ties of the practical column. 
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‘The following letter for use in the paper and for the guid- 


bd 


y 


If the irregularities of the column are to the factor 
of safety at any load may be determined very simply by Fig. 6. — Since even 5 
a irregularities may have an .n appreciable effect on the column, it is recom- 
mended that | the values of Fig. 6 be modified according to judgment, to suit 


eet Above the critical point, the column is not greatly affected by minor ir- 
“regularities. The numerical solution of columns loaded above the critical 


%) 


is greatly facilitated by the curves of Fig. 


ance of discussers, conform essentially to American Standard Letter Symbols — 
for Mechanics of Solid Bodies  (ASA—Z10. 3—1942), prepared by a Committee © 
of the American Standards” Association, with and 
approved by the Association in 1942: 


=an n arbitrary constant in Eq. 7: 


= distance from the neutral axis — a beam to the extreme fiber 


= modulus of elasticity ; 


e = = eccentricity of axial load on a column 


an 1 elliptic integral i in Eq. 230; we 
: : an elliptic integral in Eq. 23); 


= rectangular moment of 
= = the length of an interval in Eq. - = 2B - 
= an elliptic integral in Table defined by Eq. 21; 


an elliptic integral defined ed by Eq. 13; 


substitution constant = VP/EL) P/(E I) in Eq. 6c; 

and M, = internal effects (M; ) and 
external effects (M.); they are denoted -“Snternal moments” 


at any oink of a column, created by externally applied forces; 
= factor of safety ; subscripts cand y denote whether the factor of iaioly =f 


n= 
n=a number i in mathematical progression ; 


| : ‘the value of P that would hold the column in | equilibrium; 
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= value of P that produces a direct trees Ses 


= radius of gyration; 


s = anindefinite arc length, part of the total length L of a iti column; 3 
a total weight or load uniformly distributed 


it, uniformly distributed load; ‘We = a unit, uniformly 


re = = distances parallel to the longitudinal reference axis of a column; eae 
ie = distances transverse to a-distances ; lateral deflection of a column at 


i: 
and = first and second derivatives of y with respect to 
, and yo = initial deflection, and approximate 
ture at any point; 


A=a change in any quantity in a given interval of length 7; ‘thus, Ay =a wes " 


change in the deflection y; 


= total deflection at the center of a column; 

= maximum deflection of an unloaded 

o- = = slope of a deflected column at a given point; - ro sy 
= half th the projection of the deflected — the z-axis (see Fig. 1(a)); - 


%, oy 
= = bending stress at any point; 


= 


— 
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“AMERICAN 


‘SOCIETY OF CIVIL ENGINEERS 
-_ Founded d November 5, 5, 1852 how 


ree RE P O R TS 


ADMINISTRATION | OF SANITARY 


: FINAL REPORT OF 
"ENGINEERING DIVISION 


“The committee this as its final r report. A comprehensive p progress 
ay was submitted at the Annual Meeting in New York, ‘N. *Y.,, in in January, — 
1945.3 Two years | have thus elapsed for discussion of the progress report. 


the assigned to it so as to provide a basis for the preparation of 
ei ie state enabling acts or for the amendment of existing enabling acts regulating = 
Le = the organization, the financing, and the administration of sanitary districts. = 
a ae It is hoped by the committee that there will be an opportunity during 1945, — 
dete: to receive and consider discussions of their Progress report ** * and to a 


present a final report i in January, 1946 


yes 
15 


As ‘During the period of two years since the progress report was submitted, — HA 
however, there have been only two discussions. For these, the committee 


The discussion by C. Maxwell Stanley,? M. ASCE, contains many helpful 
comments. On whole, it the comments and 1 conclusions of the 
progress report. pani 
problems a sanitary district are not appreciably 
co different from those encountered in’ financing any sewerage project * * *. a 
E e “It is important that the selection of the method of financing be made Atte 
only after consideration of prior practices. For instance, if the established eae 
practice in the community has been to finance lateral ‘sewers by special - 
assessment, a program to finance additional lateral Pre: _— 
obligation ion bonds, paid by taxes, will be unfair 
committee wishes caution those undertaking new sanitary district 
rrojects to avoid continuing inequitable practices just because they have 


Nore.—Since the work of this arene has been completed and the committee discharged, t this sain = “2 


. 
: 
— 
— 
q 
3 
uae 
— 


Mr. Stanley’s comment* that— 
“In considering the over-all financing of sewerage a combins- 
as tion of the three methods involving general taxes, assessments, and rentals 


is a sound commen . Furthermore, concerning t the statement: ‘the 
ollection of sewage rentals by an addition to water rates is a most suitable 
*”—the > committee is of the opinion that this would depend 
 tirely upon the characteristics of the water rates as to whether or not they are 
cer equitable for use in the collection of sewer rentals. ie al 
“ (Of particular interest is the comment: some aspects of sew vage 
‘must be governmental; but water r supply, although generally conceded 
to be proprietary, : also concerns } public health. a it may be that the general 
conceding of water er supply as a proprietary funetion i is wrong and has persisted 
- from the early days when water rates were largely associated with the activities — 
a private utility having lir limited powers as to the SOUTCeS | of revenue. 
The second discussion was by Vernon Werbin,® Assoc. M. ASCE, who sub- 
ead mitted some interesting references to court proceedings on the question as to 


Lou __ Whether, the providing of seat disposal s service isa governmental or propri- 


‘ 


as “The United States Supreme Court decision in the Brush ¢ case, involving a 
_ water supply system, is equally applicable to the construction ‘and mainte- 
nance of a sanitary system—that the government i is “Tather a ser serv- 
ice than selling a commodity.’ 
_ This designation of a water supply as a governmental, rather shits a proprietary, 


‘ BEF reer should be considered in its effect on water rates, many of which seem > 
_ to be computed on the basis that the water is a commodity aad that the service | 


The progress report of the committee is not easily As Te 
gards the organization of sanitary districts, the committee favored emphasis — 
on local action. Concerning the financing a of sanitary districts, the committee — 
Miley called : attention to the lack of uniformity in the application of rates to revenue — 
Soe financing, both | for water and for sewer works. As regards administration, the 


committee emphasized that ‘the ability, character, intelligence of the 


members of the board are highly important. 


ae the progress report was submitted, there have not been many out- 


a standing developments i in this particular field; the present status of the —m, ; 
approximately as it was two years ago. 
She committee recommended that the extent of sanitary districts 
Ai determined by a ‘competent e engineer, or board of engineers, and that the costs 
me of the necessary surveys and preliminary engineering work should be provided. — i 
* The committee suggests s that this financing be extended to provide not only for 


Tbid., p. 980, 
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| 
+ district, but also to provide for the preparation of plans and specifications, for 
5 the supervision and inspection of construction, and, in fact, for all proper costs ts " 
until revenues from. charges” are available. following amounts are sug- 


500,00: 


Under the topic | “Powers of a District,” the that 
gh should include | the making of rules and regulations for the use | of its nae. 
Recently, tw two articles of interest have been published, as follows: ef 

“Control of Sewer Usage at Detroit, Michigan,” by Clyde Palmer, 

“A Report of Procedure for the Handling of Industrial W. fastes,” Sali- 

fornia Sewage Works» Assn., 1945, W. T. Knowlton, Chairman, 


1632 South Van Ness Ave., Los Angeles, Calif. 

= Some interest has been expressed for the extension of the powers of a sani- 
“tary: district: to include not only the collection and d disposal of sewage, but = ae 


the collection and ‘disposal c of refuse. «dit would be necessary, in such cases, to 
provide adequate and equitable funds for both services. is now under 


_ consideration in connection with the preparation of a comprehensive —ane im 

act for the State of Florida for state-wide applicability. 

Thee committee i is of the opinion that at its s suggestions for t the the organization of _ 


The comments of the committee in the progress report on the financing 
districts were, in general, quite tentative ¢ and The com- 
mittee asked for further guidance through discussion. 
Pe ‘Even in oes rate schedules, which have a much broader basis ds experi- — 
ence, there is a marked difference as, for instance, in the number of brackets, 
ret ‘the slide or spread between small and large users, and = amount mcyenel 


~ tions of interest. 


“999, Study of Water in by Louis E. Ayres, Journdt Ww. Ww. A. September, 1944, 
: 
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teieiiie (2) t he lack of s specific thine for the most part, for fire protection 
and public service; (3) the diversity in the application of ‘service’ and 
‘minimum’ charges; (4) the complexity of many rate schedules as indicated 
ie 3 the number of ‘steps’ superimposed on a number of meter charges; and 


number of have combined the water ‘supply a and 
services in the matter | of financing and administration. q This procedure serves 
to emphasize the need for a sound application wal the ¢ general se of 


Another is from an editorial in The City, as as follows? 


“When one considers the matter, it is perfectly obvious that only an 
infinitesimal proportion of the water in a municipality is ‘consumed.’ The 

rest is ‘used.’ We find the lawyer, rather than the engineer, driving this 

hue point home most convincingly.” [See “Sewer Revenue Financing,” by 

R. L. Mitchell, Daily Bond Buyer, 20, 


the offering of the water works yman, uses it momentary, and passes it 


along to the sewage works: man.” 


- This comment, without explaining the i impor tance of the term in relation to 
fundamental equities and functions in charges for sewage disposal service, sug- 
gests that the word “ “user” is more correct than the word “ consumer. call ‘Iti is of 


' interest that in all such references i in the progress report, the committee used 
thie words “service’ ‘use”’ in all except | one, | as illustrated by the 


‘Costs of sewage disposal service or of ‘providing the ‘use’ of the 


Costs of pr oviding | these several services 2 and ‘ ‘uses,"”” 
(c) “The remaining operating : costs would bea charge on ‘users, 


users,” 


ae (e) ‘ “The district would be financed by ‘ ‘users’ and not by property. Png, 
a only place where the word ‘ ‘consumer” was used i is en 12 in the 


ee ‘illustrative schedule of charges, as follows: “Minimum number ion f consumer 
In this case, | the word ‘ “users’ ” might well have been used. 


‘The | progress ss report of Ja anuary, 1945, stated that the ices board © 
look forward to increasing standards of of sanitation. In this regard, 
reference should be ‘made to descriptions of new standards for waterways 


receiving sewage and sewage effluents, as follows: 


Report of the United States Public Healt ia Service, 


This comment by Mr. Ayres indicates the lack 2 rat 
ee i , _ schedules as regards equity and implies a measure of confusion as to whethe - tio 
is 
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(b) “*Minizaum Criteria of Water Quality,” ae by the the T. V. A. to the 


Tennessee Stream Pollution Control Board, N ovember 29, 1946. 


standard for the quality has been advanced to 
which waterways would be made to conform to raw drinking water standards, © = 


_ rather than to tolerable standards: for waterways receiving some sewage pollu- 


A on this subject should include the following recent refer-— 


£ 


“Friel, paper presented at 19th annual F, W. 
Canada, October 8, (1946. (Abstract appeared in Water and 
“Financing Municipal Projects with Revenue Bonds,” by David M. 
Wood, I.B.A. convention, Daily Bond ‘Buyer, December 2, 


Two interesting court decisions, by the higher state 


should be included for reference, as follows: 
(a) versus of Philadelphia, 44 Atl. (2d) 233 (Pa, October 30, 


committee to as final and complete a statement on the of organiz- 


ing, financing, and administering sanitary ' districts as can be well made at the 


F. Gray ARTHUR D. WEsTON 


SAMUEL A. GREELEY, Chairman 
Committee on on Organization, Financing, 


and Administration of Sanitary Districts 
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Founded November 5, 1852 a? 


DISCUSSIONS 


IN AND EA 
OA SYMPOSIUM 


ts 


SERGE LELIAVSKY, AND MOHAMED AHMED SELIM 


re 


‘SERGE LELIAVSKY Brey.® Those who took part in the interesting g dis- 


otherwise might have remained obscure. In doing : 80, 0, they have contributed to 
presenting the subject of this investigation more clearly, thus helping to avoid. 


The original manuscript from which the paper was condensed was about 


three times longer than» the text finally accepted for publication, with the 


reeult that certain points ¢ of the solution were left, if not ‘ ‘in the dark, at least 
“in n the | shade.” This applies particularly to the historical part, which, in the 


printed text, thie part was deleted, the interpretation of the writer’ s ; method 
lost its historic perspective, and some aspects of the conclusions reached be- 


came, therefore, less obvious, 


£. The theoretical ‘ ‘three-dimensional” elastic effect, treated in Mr. Holmes’ 
valuable discussion, was one of these aspects. 


_ According: to Mr. _ Holmes, the failure of the specimens (which i is a 
dae to axial forces) is also affected by the external pressure exerted by the liquid © 
ont the lateral surfaces | of the porous material. The uplift factor would then 

be 


ean amount 2 yp less than the value computed by, the writer (u being the 


‘reciprocal of Poisson’s ratio) . Assuming that the Brandtzaeg experiments were 
indeed applicable to the case, the writer’s: coefficient, n= 0. .85, would thus be 


‘ae | Mr. Holmes’ point i is rather obvious and might easily have been taken into i 


this procedure. 


In fact, the dediows against introducing the three-dimen- bs 
sional effect in ‘the interpretation of these > experiments, as suggested by | M 


Holmes, n might have been inferred from the third paragraph following Eq. 16: Big ta 


Symposium was published in December, 1945, Proceedings. Discuasion on this Sym- 
has appeared in Proceedings, as follows: June, 1946, _ by H. V. A. and & P. 
ing; and September, 1946, by Gordon V. Richards. 


Sains, Director, Designing Service, Reservoirs and Nile Barrages, Sins, Ministry of Public Works, 
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“Messrs. [P.] Filfunger and [Karl] T [M. ASCE] have demon- 
strated beyond any-reasonable doubt that the effect of an interstitial 
_ hydraulic pressure upon the resistance of a porous solid is negligible, 80 
a long as this pressure is equally distributed over the walls of the pores, 
a Since the existing evidence confirming this statement is conclusive, it fol- 
: a lows, in so far as the present tests are concerned, that the ultimate resistance 
of the test piece is not affected, in all the cases in which p, = pi. _ However, 
the cases in which 7; is smaller than Po remain to be investigated. When 
a ‘this happens the ring-shaped part of the specimen is subjected to stresses 
- similar to those in a pipe bes a boiler. Since these stresses are e compressive, 
could be smaller for higher values of Po — a 
this text was not sufficiently clear. Perhaps it would | 


better to include the more explicit explanation of Professor Terzaghi’ s tests in 


a) the published version, as it was i in the original | paper. r. The fact is that, con 
aa a trary to the views expressed by Mr. - Holmes, unprotected porous specimens, 


a subject to hydraulic pressure, do not behave in the manner described in the 


: ‘The difference between the results obtained E. Richart, A. Brandtzaeg, 


| the behavior of Professor “Terzaghi’s own ‘ “unprotected” ‘test 
pieces, was used by Professor _Terzaghi as the starting point for his uplift 
It i is not the writer’ s intention to discuss this theory as such, except 
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into ‘the pores, the behavior of the concrete 
specimen under axial loads is not affected by the 
lateral, hydraulically "applied, external pressure, 
ferred t to by Mr. Holmes. 
Terzaghi test pieces Fig. 40) wel were 2 placed 
in a vessel, with water under various pressures rang: 
co ing from zero to 400 kg per sq cm (that is, ten times 


be: greater than in the writer’s tests), and ‘subjected, at 


el va % cae the same time, to an axial load varying from 2.6 tons 
to25 ‘The results, at br eaking point, are given 
in Table 15. The values in Cols. 1 are from Pro- 
fessor 1 -Terzaghi’ s experiments with unprotected 
ea specimens (that is, similar, in this respect, to the 


it ‘Ia. Fra. 40° between these data and the pressures, 7, appearing 
in the first column (under which the test pieces were 
oken). On ‘the other in Cols. are intended to 


__writer’s specimens). ‘There i is no marked correlation 


mpressive Stresses,”’ by Frank E. Richart, 


orositit des Karl Ocsterreichischer-Ingenicur-und- 


n 
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llinois, Urbana, November, 1928. 
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LELIAVSKY ON UPLIFT ‘PRESSURE 


those of the Illinois tests.“ These values are scaled from the Tersaghi dia- 


fiend by Mohr. ef The r rapid rise of the breaking limit in Cols. 21 is s character- 
istic of the three-dimensional effect referred to by Mr. Holmes. The contrast © 
between Cols. land2,Tablel5, 


‘supplies a quantitative negative TABLE 15.—Companrison oF COMPRESSIVE 
reply to the question raised = 


BREAKING STRESSES IN KILOGRAMS 
Mr. Holmes. 


~The physical explanation of (Test Pieces Unprotected in in 1 Cols, 

“these results will be almost ok obvi- 

“ous if the analyst will i ignore c con- 
ventional assumptions made in 

_ textbooks on elasticity, and | @ ry 

follow the modern views on the 580 | 

‘subject. In other words, instead 860 


532 4 2. 66.3 


646 | 1,148 | | 67.0 | 
0 1e ima: inary inuous 300 404 1,431 1,390 | 66.5 922 

g Yo GO4 | 1,722] 454 | 1,678 | 67.1 | 1,210 


templated by the chat Navien, pressure 
cians since the time that Navier, , 

down bases of classical the must visualize the material: as 
an elastic structure, containing both solids and voids (see Fig. 41). This has’ 
been of Messrs. Fillunger, Terzaghi, Hoffman, other modern 
significant as spect of the difference _ 


the stress conditions in porous elas- 
solids ‘must de end substanti- 
ally on _ whether the pores” pea 
‘Fig. 42(a) is r reproduced from 
ditions of the Illinois tests. In 
‘pres ssure does not differ in its from a “mechanically applied load. 
| The pressure is taken entirely and exclusively by the solid material and, there- ; a 
fore, causes the particles to be pressed ¢ against each other. The accumulative — vy 


‘effect of their relative displacements results in the elastic deformation of the — 
whole, leading, i in its ultimate stage, to the three-dimensional effect exemplified * 
by the failures of test pieces in the Illinois tests ‘(see Cols. 2, Table 15). 
second case, illustrated. by Fig. . 42(b), demonstrates principles 
materialized in Professor Terzaghi’s experiments. The external pressure is 
here resisted not only by the particles but, also, by the water contained in the 
pores. The water thus participates in resisting the externally applied load. ae 


The ef effect on the | solid material must therefore be much smaller; but what is 
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Discussions 


to a certain uniform compression, ‘haved is now no ‘© prevailing tendency { for one 
_ particle to be pressed against the other (except in the proportion of (1 — n) to 
1, which is very small indeed). Thus, the chief factor producing strain and 


is negligible in case; the raised almost 
7 indefinitely, without affecting the mechanical resistance of the material (as 
shown by the Terzaghi | tests® listed in Cols. 1, Table le 
iG _ The point, thus demonstrated by. Professor Terzaghi— -namely, the absence 
of the three- dimensional effect in unprotected porous materials ‘subject to 
uniform hydraulic pressure—was observed by Fillunger as early as 1913; 
ane, except that in the latter case, instead of an axial compression, the hydraulic 
“effect upon unprotected | concrete specimens, was combined with axial tension. 
sees conclusions were precisely the same, however, as might be seen from the 
allowing ds which average stresses, for twelve specimens 


i) water ‘andet: a certain pr pressure, has no elastic effect o on the axial resistance » of the 
Stk ,— tested. ‘There | remains only the main axial effect of the interstitial | 
water pressure in the ‘pores of the material, which gradually | from 


7**Der Auftrieb in Talsperren,”’ by P. Fillunger, Oesterreichische fir den 


: 


— Mar 
— 
his t 
thes 
into 
in tl 
— 
4 
— 
we 
mm 
rep! 
Test 
fou 
— 
— 
— 
— clusion is that the resista: f the sea as in the 
si nificant ‘same at the bottom of th 
ig 4 nal 


- 


March, 1947 LELIAVSKY ON 


rupture. Under these the writer concur in the idea 
of introducing a secondary “three- -dimensional” effect i in the interpretation of in 
“his tests, in the manner suggested by Mr. Holmes. <a 
a There is another aspect of the same problem, however, which Mr. Holmes _ 
does not mention. — _ The writer has shown that, when the pressure, Po, in the 
pote (see Figs. 7 and 11), and the p pressure, ps, in the inner space of the 
specimen, are both the same, it is not necessary to take the three-dimensional © 
effect into account. On the other hand, when these pressures are not equal, 
this effect might possibly become a significant consideration (to the extent of _ 
‘the difference Po Di), because the interstitial “pressures w would 
from pore to pore, in the horizontal direction, an and the accumulative action of 
these differences would result in a general horizontal compression of the entire 
cylinder. This compression, in turn, might possibly affect the axial vertical 
tensile resistance of the “specimen, according to the ‘ “three-dimensional’ ie 
principle referred by Mr. Holmes. 


- 


ee: This explains, more clearly, the e object of dis peels statistical examination _ 
of the results of the tests, described in the last few ’ paragraphs of the paper | 
preceding “Conclusions” —namely, the calculation of the correlation a: and Tegres- 
sion coefficients for Ay (vertical distance from a point to the average line in 
76 Had such a correlation been found to exist it might easily — been taken 
into account, by a correction based on the regression coefficient; but, as stated 
in the text, ther results of ‘the calculation ion showed that the correlation i in question — 
not exist. (The calculated values of these coefficients v were, respectively, 
0.068 and 0. 0016.) Even from this rather remote standpoint, therefore, the a 
three- dimensional effect was found to be absent. 
This conclusion is also confirmed by the | of Rudeloff’s. experiments,'* oll 
in ‘Fig. 25. In this particular case case the specimen (which in ‘other 
AX 
was generally similar to Fig. 3) was vas provided with an impermeable 
- mantel, on the same principle as in the Illinois tests; but, in spite of that, the 
_ three-dimensional effect did not exist. The axial tensile breaking load was 
> to be independent of the hydraulic pressure in . the container. — The 


— 


average values of the resistances of “protected” cylindrical 


in atmospheres per square centimeter 


facts” which, in constitute | an ex- 


ersuche iiber den Porendruck des Wassers im Mauerwerk,” by Max Rudeloff and 
aus deutschen M 2u Gross Lachterfelde West, Berlin, 1912. 
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the evidence of the Illinois tests on the one 
hand, and Rudeloff’s and the writer’ 's experiments on the other. In n fact, the 
a point that comes to one’s attention is that the main axial effect i is son 

pression in one case, and tension i in the other two cases. _ ‘The failure is therefore 
a, ‘shear failure” ora “pseudo shear failure” in the Tilinois tests, and a “tension 
‘failure’”’ in Rudeloft’s and the writer’s experiments. Apart from all other con- 
__ siderations, a glance at Fig. 26 will suffice to show that the plane of fracture 


in the writer’s tests is almost haneeg- perpendicular to the axial breaking force, 


a rupture by compression 

in the Illinois tests. 
The difference in the 
“mechanics of two. 


of which Fig. 43(a) she 
earlier views, w with 
= Mohr’s critical lines being 
represented by straight 


% acting at right a angles to the main load, there isa niente axial tensile limit, Bie 


It will be ‘obvious | that compressive > limit, may vary i in n rather 
limits: without. affecting the corresponding» tensile breaking : stress, ; Die W hen 


cal limits remains s valid, as i in ‘the ‘earlier ‘diagrams. 


‘This explains, theoretically, the actu ally | treed difference between the 
Illinois tests“ and the writer’ ’s experiments (with reference to the difference 


Po - pi). _ Thus, to represent both these experiments in the | ‘same chart : as is 
ies done in Fig. 37 is definitely objectionable. — From whichever point the question 


_ is considered, there is, consequently, no reason for altering the original conclu- 


sions, in order to take into account the “‘three-dimensional”’ effect. tt. ‘The writer 


is indebted to Mr. ‘Holmes, aneuibian, for having raised a most interesting 


| point, and thereby provided an opportunity for an explicit reply. 


ab a Hei is also ) grateful t to Mr. Holmes for having explained it in detail il the deriva-_ 


ary the results of his tests for. every individual group of sp specimens. Do conserve 
space, this development, which was based on the least-squares principle, was 
ors ‘not given i in the writer’s ‘paper, for it was believed to belong to elementary 
retro mathematics. It is rather unfortunate that in developing these formulas Mr. 
changed signs in bas basic ‘Eq. 2, which resulted in the sec second 
_ Constant of the final equation becoming negative. There i is no advantage in 
this s sign convention because the force z is essentially positive, ‘anda oe 


sign may be misleading, 


ou Report to the Congress of Physicists and Physicians, - Ludwig Prandtl, Dresden, 1908. 
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tion of the formulas he. used i in | finding the empirical straight lines ‘representing 
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one 


the specimen of paper, as opposed to the would-be parallel lines in a dam, 
fore & ‘ ‘it should be noted that the main flow lines, correlated with the process of failure 
‘sion @ in the writer’s specimen, are vertical. They occur in | the material enclosed in 
Con F the » upper lining of the test piece, ar and are created by, @ and are a function. of, the 
ture difference ps — 0. On the other hand, the convergent streamlines re- 
ree, ferred to by Mr. ‘Pecking, are only a secondary consideration, depending on the ; 
n difference po — which, as already stated, is negligible as a cause of failure. 
S100 . Apart f from that consideration, the lines of seepage are only important in ber 
aad ‘ ~ tion to the pressures es and it t should | be understood that the object of the writer's Ss 


We 


' the ¥ ‘experiments was was to determine the effective a: area on which the interstitial p pres- fond 4 
sures act, and not the pressures themselves, for” these pressures have been 

43, investigated frequently, and “* “may now be considered as belonging tothescope 
a of a textbook” (as stated in the second pragraph following Eq. 5). In addition — 


the references cited in the paper,17+1819.20 0 a comprehensive investigation on the 
me staged has been presented by I. Houk, M. ASCE, and B. A. Bakhmeteff, — 

eri, Regarding the low breaking stress under mechanical tension, the specific — 
- series which were marked “S” in Col. 2, Table 2, were meant to constitute 


conditions occurring in masonry dams (in which indeed the resistance against 


_ tension was very small) and were prepared accordingly (see heading, “Procedure | 
3(b). 
and Significance of Tests” ’). Even in the other series, the general. tendency 
was t to approximate ¢ current field d practice, which di does not always coincide with — 


es is The more important point, however, was not in the preparation of the test. 

“pieces, s, but i in the testing procedure. As reported in connection with Fig. 19, 

~ the effect of the time factor had | a large influence upon the observed breaking _ 
stress. ‘The dotted points at Pa = Oin Fig. 19, in contradisti nction to the point 


7 of intersection of the: average line w with the vertical axis, gave & measure of this 


effect . Assuming that the compound material was from 60% to 80% as: as strong 
_ as the corresponding laboratory mortar briquette, and that the effect of the — 


factor was about 2. 5 (see Fig. 19), the series ‘marked “Cr (concrete) 
(Col. Ta ible 2) represented a tensile resitance. of from. 21 to 28 kg 

sq cm, which harmonized well with the standard values adopted in Egypt. 

On the other hand, the general consistency of the observed tensile e resistances 7 

as confirmed by their obvious quantitative correlation with the various fac- 

_ tore on which they must logically depend, such as the method of mixing and : 
intensity of ramming, the water-cement ratio,etc. 

writer - wishes, further, to concur with Mr. ] Perkins’ ‘conclusion, 


Jog * a gravity dam with a conservative design of thickness equal to 0.85 Ha ala 7 


“Beanspruchung von Gewichtstaumauern durch das stromende ‘Sickerwasser,”’ by Karl Terzaghi, 


ie Bautechnik, Vol. 12, July 6, 1934, Heft 29,p.379% 
x _~ABCE, “Security from Under-Seepage Masonry Dams on Earth Foundations,” by E. W. Lane, , Transactions, 

Mes, Uplift Pressure on Dams,” by W. Weaver, Journal of Mathematics and Physics, M. 
“Permeazioni loro nei Muri ¢ di Ritenuta,” by O. Hoffman, Milan, 1928, 


contribution, Mr. Perkins raised a number of 
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* is safe.” 


pleasure he had in and pre this pertinent contribution. 


3 first question raised by Mr. Wing— —the : apparently low resistance of concrete— 
has already been answered ; but his second point concerning the application of F 
= ~ the “least- squares” ’ method, deserves to be explained in greater detail. _ Eqs. 13° 
2 " and 14, which are used for finding the constants n and z appearing in the equa- 
tions of the e average li lines, are not symmetrical with respect to x and y. The 
may, therefore, be affected the assumed not notation; it thus appears to” to 


a certain specific cases of ondeasiiee practice, this might indeed be of 
particularly when the recorded observations of the two variables 


discharge-level. ‘curve, for a section a large river. applying, the “least- 

squares” method to this case, the levels should be s the independent 

_ variable, «, and the curve will then be computed i in such a manner that the 

Fe a sum of the squares s of the deviations of the individual discharges, y Y, visa minimum. 
ies Furthermore, when the subtangent angle of the average line (“regression | 


differs greatly from 45° 5°, the s smaller and larger amplitudes Taust 


correspond, respectively, to the y-axis and the -axis. In the case under 
ay consideration, however, the precision of both variables is practically the same, 
 and,a also, the subtangent angle of the average line is almost 45°, Consequently, 


loa e differences in t e va ues of th the coefficients i in Egs. 47a, ‘476, and 47¢, 
are not substantial numerically, and would not have affected the argument even 
if they had been physically significant ; but, such as they are, they depend on an 
obvious inconsistency—namely, whichever of the two variables is denoted, 
respectively, by | x or y, the entire computation, from start to ‘finish, must be ' 
Biss « ob based on the same notation, whereas Mr. Wing uses the values of z, determined 
a Ae by the writer (for the individual series) ¢ on one assumption, but calculates the 
Ges average curve for ninety-five points, on another assumption, _ This must 
naturally affect the result (particularly the second constant). 
ae ap In regard to Fig. 39, attention is called to the difference between load and 
ues rs stress. a For point loads or surface loads, this is indeed elementary and obvious, 
% oe “i but in examining the effect of volume loads (such as gravity and uplift) it | 
a “frequently. occurs that one is mistaken for the other, as is the c case with the 
ne convex curve on the right s side of the quoted ddiagram. ‘ This curve is acceptable a as ¢ 
i¥ representing the ‘uplift pressure, but not as the stress, due to this uplift pressure. F 


2 ae These stresses could agree with the curve assumed by Mr. Wing only if the 


ey block of concrete above the section analyzed, were built of an infinite number 
es of concentric rings, having no fixed conta ct with each other, and capable, 
_ therefore, of f transmitting no vertical shear. © Apart: from the inherent physical 
me tae impossibility o of such an extreme assumption, it is | also objectionable from the 
purely theoretical, formal standpoint, because, in that case, the compressive 
load which is is mechanically the upper not be transmitted | 
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al 44 ‘The argume! nt represented by the co compression curve appearing in the sa: 

ta figure, is also > unacceptable, because overstressing at the edges of the secti | 

rd is the result of re-entrant angles, and the degree of “re-entrancy” is much eee . 


ina a standard concrete briquette, considered by E. G. Coker and L. N.G. Filon, - 
ine than in the writer’s specimen. Had this effect indeed been significant, it must an 


13 test pieces | breaking close to the 

to Thirdly, and finally, the stress secion 
distribution in Fig. 39, even if it semi 
‘of been: true, would not have ‘Notch | 
les [faltered the writer’s conclusions, 
7 becausé of ‘the flow of concrete 
st- wi causes the redistribution of 8 ; 
nt stress intensities when local over- 
stressing occurs. This is the chief 
point of the modern theory. of re- 
ion ff entrant angles i in dams, , expounded 4 
ust by John AL Brahtz.* 
ler 


of seepage in actual dams. 
contention is. that, ‘according ‘to 
ren Iaboratory tests. with specimens of 

| concrete, | the speed of the perco- 
ed, lating water is so slow that it would 
be require years fora filtering particle 
ed to reach the downstream face of 
the dam. Had this indeed been 
ust | ¥ ease, ‘the effect of the uplift 

¥ would have been confined 
only a part of the total area of 
us, the  section—close to to the upstream 


the This contention cannot be accepted for reason that water is 
a8 e actually seen to appear on the downstream face of many dams, in the form of ns 


3 seepage and sweating, i in spite of the fact that quite a large percentage must be ae 


Ire. 
the _ evaporated. — _ This does “hot: refer to narrow dams only, but even to such con- 

ber servative designs as the Assuan and Gileppe dams. 
ble, ree. _ It is suggested that Mr. Wing may possibly be overestimating the value of a a 
ical laboratory r results, as a practical forecast of the conditions of seepage in nature. ; 
the * _ In this connection attention is called to a statistical examination of filtering a ce. 


Treatise on Photo-Elasticity,” by E. G. Coker and L. N. G. Filon, Univ. Press, Cambridge, 


**The Stress Function and Photo-Elasticity Applied to D by H. A.  Brahte, ‘Transactions, 
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SELIM ON UPLIFT Discussions 
with concrete specimens reported by Mary" i in which a wide disper- 


¥ sion of results was observed. What : actually o occurs in nature seems to be that, 
2 to an almost i im gery section of the dam, there ‘ay be a = cee 


‘fltering i in the rocky foundations beneath the dam, as to seepage 


the dam that his n method is 1s not 
as used i in building but 
applies a also to natural rocks 
the foundations. The “specimen i 


_ then prepared in the manner shown | 
in Fig. 44, the core being made of 
the rock to be tested, and grouted 

in n the respective castings. ~The 

ae obtained in this manner in cons 
writer’ ~ machine for Cairo limestone 

a are shown in Fig. 45. = These e experi 


500 1000 1500 2000 2500 3000 t d ted ft th 


= pletion of of t the the investigation described 


ae “not included in the ninety-five points analyzed ther therein ; but they are — 


It was rather interesting to observe that a core prepared from the i ignaceous — 
_ granite of Assuan, and tested i in the same manner, proved to be be the only ma-— 
terial not affected by internal al uplift. The writer agrees, I nevertheless, with Mr. 


. a in natural foundations, the uplift must be included 1 in the design even in this 
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- une, 1946, the writer was awarded the degree of Philosophiae Doctor by Fouad — 


AHMED Assoc. M. ASCE." —By his discussion, Mr. 


? 


as 


‘method i in problems of two-dimensional and three- nature, 


writer might add that such an was made at the Laboratory 


q effect on weather forecasts, and the second with the oil stored in 
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It is that the results of. have not been 
presented to the engineering world because of wartime restrictions. 
Meanwhile, much work has been done since 1933 by the Ministry of Public 
; Wor ks in 1 Egypt i in connection with the lengthening of floor for Assiut Bar: rage 4 

on the e Nile. Recent books have shown an increasing confidence in the electric- 

analogy method of solving the. difficult problems of flow: through | por ous s media. 

The writer is very grateful for Mr. Richards’ interest and comments. 


1474, , change, “, Esq.’ to 
Proceedings, on page 898. 
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DISCUSSIONS 


oe “STRENGTH OF THIN STEEL 


> ty concept of the effective width has been adopted i in two structural. design iene 
fications: | Specifications for the Design of 
feu Seabee, American Iron and Steel Institute, April, 1946, and the February, 
rs _ 1946, edition of the Specifications for the Design, Fabrication, and Erection of — 
Structural Steel i in Buildings, American Institute of Steel Construction. In J 


ce the latter c code, Sections 18¢ and 18d make use ¢ of an effective w width, although 


T= 


Sa latter sections. He merely et to note the increasing acceptance of ‘this, 


The gracious comments of Mr. r. Llewellyn are » deeply appreciated, particu- 


“larly coming, as | they do, from an ‘ ‘old- timer,” ” with such thorough and long- 
interest in this particular field. tive wi Mr. Llewellyn, credit i is due for 


aril ingly close to over-all averages, considering the dearth of information on the 

subject more than a decade ago. Although Mr. Llewellyn differentiated 
tween edges” suppor ted by webs, and those stiffened iby lips, the 1e writer found : 


that flanges” stiffened either way developed the same strength, provided the 
i rigidity of the lip proper was sufficient to furnish full support. _ This statement — 


eee at holds at least for the range of b/t of the beams of Table 2—that i ‘is, for 1 the mare S 


_ The only contribution that undertakes to challenge the writer’s approach 


‘ me to the problem (merely with regard to flanges stiffened along both edges) is 
| ms we? -_ _Norg.—This paper by George Winter was published in February, 1946, Proceedings. Discussion on 
AES ase this poner has appeared in Proceedings, as follows: June, 1946, by Fred T. Llewellyn, and Jacob Karol; 
by bg _ October, 1946, by Robert L. Lewis and Dwight F. Gunder; December, 1946, by L. C. Maugh and L. M.- 
‘Legatski; and January, 1947, by | Bruce G. Johnston, and L. and Don 8. 
% Associate Prof., Civ. Eng. , Cornell Univ., 
Light-Gage Flat-Rolled Steel i in Housing,” by T. A LS. 1937, p. 29. 
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March, 1947 WINTER ON THIN FLANGES 
by] - Maugh and and Legatski. To. evaluate th the contentions containe 
therein, ‘it appears necessary to clarify some obvious misunderstandings, 1 the 
source of which the writer is unable to trace. 
In summarizing their discussion, , Messrs. and state that 
Perhaps the author was led to the erroneous conclusion that the Bryan formula 


— cannot be used to determine the ultimate buckling strength of thin plates * * sl A 


‘Three lines farther, however, they write; 

io “The Bryan load is the load at which the plate element forms into buckling 
-_- waves, but it is not the ultimate load because a boundary or edge effect 
q remains as an additional element of strength.” =. 


is exactly what the writer maintained in his 
(paragraph preceding Eqs. 2), where he stated that, des 


ta “The central, more highly distorted, regions of the plate decrease in their | 


a _ resistance, thus throwing more of the total compressive force toward the 
ih stiffened edges * * *. This action [failure] occurs at a load higher than 
a the critical—that is, higher than that load at which, theoretically, small 
deflections start to occur * * * ” 


c- § | These: two statements are re exactly identical in content, and the writer is at’ a 
to understand wherein lies his “er roneous conclusion.” Mii 


LHF 


In the concluding paragraphs, the statement, “Without the. effec- 


wis 7 tive width concept as the most logical approach * * * coems to indicate that 
In Messrs. Maugh and Legatski- know of, or have developed, a a “method which 
gh 4 dispenses with that concept. ‘Actually, the ‘approach they propose is likewise e 
— ’ based on an effective width, implicitly for stress determinations (see Eq. 23), 
his: : and explicitly for deflection computations. The writer, a again, is at a loss to — 


i. 20, from which the Bryan formula 3 is derived, is no longer applicable, o once 
“the critical stress is exceeded. _ Under such conditions, it is necessary to. con- 


“sider the so-called large deflection theory; that is, Theodor von Kérmén’s 
differential equation,**37 in which F is the stress function: 


4 


on 


rg ‘ which depends not only on the external | _ compression force, but also on the a 
deformations. Iti is the extreme ‘complexity of Eq. 29 which i is the reason that 
solution, s so far, has been obtained for circular only. Ino other words, 
me j once the critical stress is exceeded, the plate assumes a new state of equilibrium, ” og 
will , which is governed by factors greatly different from those which determine the * oa 
. | Bryan load. | > Eq. 20 does not hold for this state of equilibrium, because, in this na 
wa 


a An analytical investigation® 8 of the stresses above the critical, by: means of Ca, , 
AG % “‘Encyklopaedie der Mathematischen Wissenschaften,” Vol. IV/4, 1910, p. : 349. 
“Theory of Elastic Stability,” by 8. ‘Timoshenko, McGraw-Hill Book Co., Inc., New York and 
ndon, Ist Ed., 1936, p. 323. 


Tbid., pp. 300-395. 


state, the stress s is not uniaxial and constant throughout t the flange. 
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WINTER ON THI THIN "FLANGES Discussions 
strain energy methods, the ‘stress distribution to 
be exactly of the: type of Fig. 12; it also indicates that, contrary to the : assump- 
aa tion made by Messrs. Maugh and Legatski, the stress in the center is not 
constant and e equal to the Bryan stress. For very wide thin | plates: (as 
Professor Timoshenko has" shown”), the center strip o of an edge-compressed 
‘ plate i is subject | to tension, rather than to ) the Bryan compression stress. 4 ~The 


same result, i in a rigorous manner, was obtained by Messrs. Friedrichs and 


a Legatski, that the center strip i is free of stress. _ This is evident from a 

— 2, whose validity is borne out by the contributors’ own strain measurements 
. (for which the writer is grateful indeed as collateral evidence). However, he 
maintain that ‘the stress at the center strip is not. constant and equal to 


"measurements (Fig. ‘These show ‘a decrease of the center stress by 
about 40% of its maximum pean with i increasing loads, even at a b/t-ratio ¢ as. 


fra rankly. semi-empirical method. Messrs. Maugh and Legatski propose instead 
ae. semi- -analytical approach, t based ona number of f arbitrary assumptions, one 


7 Ba i An other such assumption is that o of taking the proportional limit as five eighths 
pire of the yield point, which was apparently necessary to make the equations fit 
the Schuman and Back results. for steels, the so-called ‘ “proportional 
limit,” is a . completely fictitious whose value depends on 


tion, the error introduced by equating limit to the yield 


: a is almost always negligible as compared with inevitable er rors, due to other 
unknown but important factors (edge restraint, ‘initial distortion, ete. 


ae their method, Messrs. . Maugh . and I Legatski like the writer, introduce an 
oS “elective 1 width, b,, relating it, however, only to the part of the stress in excess 


ig 2 of the supposedly constant critical stress. / Their final answer is given | in terms 


ees a For. designing members in uniform ¢ compression, it may be irrelevant: onatail 
ae the actual stress distribution, Fig. 12, is replaced by a uniform mean stress, or 
the writer’ equivalent width, related to Ge maximum | stress. 


by the flexure formule, the centroidal a axis, 4 How far the 


= ae “Theory of Elastic Stability,” by S. Timoshenko, McGraw-Hill Book Co. Inc., New York and Lane 


40*Stress, Strain and Structural — H.F. 10, Univ. of Illinois, 


‘ hai To summarize: The writer did not maintain, as is stated by Messrs. Maugh 


In view of the theoretical complexity of the problem, the writer pursued a 


_ of which is discussed herein (that is, center-strip stress equals Bryan | stress). . 


mays ofa mean ‘stress, s,, related to the entire unreduced flange area, 


contributors’ does not. ~The latter, therefore, would determine flange stresses 


pes "9 “Buckling of Circular Plate Beyond the Critical Thrust,” by K. O. ietttn and J. J. Stoker, 
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centroid i is shown i in ‘Fig. 22. T 
beams of practically identical ‘over-all dimension, but with different 
thicknesses. The error that would result in using the centroidal axis instead — 


of the actual 1 neutral axis axis for design computations is wines from the figure. 
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= 
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n wn 


Distance from Top Fiber, i 


secnon 


A: 0.0635 In. =. 1} 
p Beam B: t=0.0335 In, 


‘Beam A, Load in Kips 


\ddi- és ‘This situation is implicitly conceded by Messrs. Maugh and Legatski in | 
their statement that, for deflection computations, an equivalent, width must, be 
ther used. For reasons not indicated this width, for deflection 
oR different from the width used implicitly by the contributors for stress compu- 


tations, as given i in Eq. 23. - Effective widths, locations of neutral axes, and 
Seflections are interrelated purely as they are all func- 


“pe 


erms str 

j is, necessary for determining deflections (that j is, neutral axes), 
ether _ physically contradictory to maintain, on the other hand, that stresses can be 

38, OF computed from unreduced widths. "This is tantamount to ) stating that a beam 
a has two neutral a axes—one, , referred to the unreduced section, g governing stresses, > 
it is ba another, referred to the reduced section, governing deflections. In the © on  &§ 
that -wtiter’s p proposed method, the same ‘approach applies to both stress and 
, the Parenthetically, the -contributors’ “method (computing deflections by (a) 
resges ‘Using an unreduced moment of inertia to find part of the deflection, (b) com- ay 
ctual puting a critical stress, and (c) determining a second, reduced moment a. ay 


that proposed in the paper. It results, qualitatively, in the same behavior as — 


n the | inertia for finding the additional deflection) is certainly more cumbersome than os =a 


<a tnt found by the writer; that i is, the effective moment of inertia (in the con- _ a 
Sto! er, 


‘tributors’ case, the weighted mean between the : full and the reduced one) de- hed me P 
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Discussions 


Laem the arbitrary effective width of 40¢ for the etnias | moment of 


inertia, given without justification or - empirical verification, leads to reasonably 
sun results. For the wider flanges (as used in 1 many commercial decks 
_ with high b/t) where the critical stress is very low, the use of 40 ¢ will be found 


to lead to. erroneous results on the conservative (uneconomical) side in | deter-_ 


agree to the extent only that (1) measurements on sections are. 
- plagued by various disturbing influences not present in more solid members; 
and (2) that it is always possible to think of other methods of instrumentation 
ef that could have been used. . WwW ith regard to the latter, however, the time ele-_ 
ment is is an important consideration. - In this investigation, it was necessary | to 
ive cover a very wide. range of dimensions, which can be done on a large number of 
7 7 specimens, only. The investigator is limited, therefore, to such measurements — 
as will furnish the most pertinent data. y This, it is believed, ° was achieved by 
the methods selected. The collateral, confirmatory evidence provided by 


Messrs. Maugh and Legatski, by different test methods, is therefore doubly 
The contributors’ statement that twist and lateral ‘deflection m may 
distorted the measurements, can be discounted, except | for possible 1 microscopic — 
ae effects. 7 Beams of the shape of Fig. 3 have no tendency toward lateral deflec- 
Uf ae , particularly if loaded through rollers with a axes perpendicular to 0 the a axis of 
the specimen. In fact, to deflect laterally, they would have to overcome the 
- contact friction at the load points. Not only can it be shown by computation 
_ known friction coefficients that this is impossible, , but | any such 1 sliding © 
- motion would immediately ‘manifest itself by a scraping sound, as the writer 
observed frequently in tests of an entirely different nature. _ Twist, on the 4 
; other hand, was prevented by a loading arrangement, which forced t the beam | 
into parallel vertical displacement. It is evident that effects of the magnitude 
ae of those of - Fig. 22, consistently obtained o1 ona great number of | specimens, can- 
not be ascribed to details of instrumentation. ‘Finally, the problem of the 
a) linearity of strain distribution in such specimens, even if it were open to ques 
tion, appears to be irrelevant. — The location of the  aeeea axis, as used in the 
~ proposed methods, is ‘merely a means to o determine, in design computations, 
_ the relative magnitude of the top and bottom strains. Since these strains were 
- measured directly, even a curvilinear transition would not affect the results of 
such design computations. — In addition, however, no reason for a curvilinear 
- Strain distribution ‘is given by the contributors; ‘nor is any apparent to the ‘i 
Pag writer, , particularly s since strain measurements were made in the center part of 
_ the quarter-point loaded beams, that is, in a region of pure bending. _ a a 
wo of the contributions (Messrs. . Lewis and Gunder’ 8, and ‘Mr. Karol’ 8) 
oes Sy do not question the findings of this investigation, but concern themselves mainly “ 
is with the mathematical form of Eqs. 6 and 7. Formulas ‘such as these are de 


ry with due consideration to simplicity of application. In this particular 
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WINTER ON THIN FLANGES: 


a 
of 

ily ‘Do of a definite limit is it is completely 
‘ks fied | practically. This is is why seemingly elaborate mathematical expressions | 


nd had to be chosen, which ‘result in b, = 6 for this limit, independently of the : 
stress. The mathematical complexity of the formulas is relatively irrelevant, 
-” = designers will work from graphs such ; as Fig. 7, rather than from equations. s 

In addition, Mr. Karol’s. Eq. 18, which involves a hyperbolic function, for that 
prover not be found very convenient by most designers. 


~~ 


vill Mr. Karol’s cautioning remark regarding the use of the writer’s chart (Fig. 7) 
are Bf for materials other than steel is to the point, and should be considered in such 


‘The writer gladly : accepts Messrs. Lewis and Gunder’s justified criticism of i 
statistical method used in this paper. It is quite true that more sensitive 
oe devices, such as standard deviations, should be used in determining t the accuracy 7 
_ The writer appreciates the painstaking work of Messrs. Lewis and Gunder - 
by in ireplotting Fig. 2. He does not believe that Eq. 18 should used 
despite its simplicity. On the one hand, as the contributors state, goodness 
of fit of Eq. 18 within the tested range is not as satisfactory as that of Eqs. 6 
cand 4. . Also, tests conducted since the publication of the paper showed Eq. 6 5 
to be applicable satisfactorily for values of b/t up to 400 and more (see con- 
tnbution by Messrs. . Brown and Wolford). In this range of high b/t, Eq. 18 
would err on the | conservative side up to about 25%. _ On the o other hand, Eq. 
the 19 is s identical i in structure with | Eq. 6, except for minor differences in the ‘con- 
stants, and, as stated by the contributors, is not significantly better. The 
“writer is grateful for the fact, established by! Messrs. Lewis and Gunder, that, 


in 

despite his somewhat ‘cursory 1 methods of curve fitting, he apparently 

a S to arrive at expressions which are as accurate as those developed by more © 


Professor Johnston furnishes interesting additional on flanges 


stiffened along one edge, by reference to his and Professor Cheney’s tests 
on on wide flange sections. 

La a The failure criterion used by Messrs. Johnston and Cheney differs from the es of 
* writer’ r’s in that. they noted merely the ultimate loads, whereas the writer con- te 
"sidered al also the stress at which local wrinkling was first noted. Therefore, — 
q Professor , Johnston’s results should be ¢ compared with the values of the ultimate ; 
in Table 4, In the range of b/t, common to both investigations (that 
is, Up to about 21), it is seen from Table 4 that the writer obtained ultimate — > ; 


: stresses: of 0.8 to 0. 9 of the yield point, w with very y few exceptions. This i is in e 


strength, The lower values obtained by the writer on din 
specimens are probably | due (a) to | greater edge restraint in the H-sections, as a eg da 
-hoted by Professor Johnston, and (b) to the better forming accuracy | of the 
“nilled H-beam flanges, as compared with cold formed sheet steel elements. ah 3 
The writer’s colleague, Professor Cheney, volunteered the information that Mer ts 
“many of the tests cited by Professor be sane, dev elopment of slight waves and — C4 ae 4 
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ras noticed at below the ultimate, which is in agreement with the 

; a writer wishes to thank the American Rolling Mill Company for releas- 
ing for publication the test data given. in Messrs. Brown and Wolford’s con- 


tribution. These data furnish important, supplementary evidence, ‘since the 
ess b/t-ratios of these apocinans, 242 to 429, are far beyond the range of those i 
& —_ discussed in the paper. The test results given in Table 6, as well as conclusions a 
3 I by Messrs. Brown; and Wolford, confirming the validity of the proposed method LA 


in this high rs range ze of b/t, eek for themselves. Iti is seen that the « determina- 
ah tions made on the basis of Eq. 6, if compared w with test results, are slightly on 

the conservative ‘side, both for deflection and for strength. _ The deviations a are 
| small and within the range of discrepancy observed in most structural testing, 
a ae but they point to one factor tl that should be emphasized i in closing. = — 
Be ae The behavior of thin compression flanges is ‘naturally influenced by the 

a oe amount of rotational edge fixity provided by adjoining elements, ‘such as the 


webs i in Fig. 3 3. A reasonably simple design method cannot be expected to take 


explicit account of this involved factor, par rticularly since, i in the great number | 
ae a of tests, its numerical effect was: found to be small. _ The amount of restraint and 
ae | provided in the v very wide flanges by the shallow webs of Messrs. Brown and lan 
= Aw Wolford’s specimens is rather large, as compared with a number of other beams _ obt 
aaa in this investigation, with a consequent strengthening effect r reflected in the & 
‘The methods, therefore, merely claim to average. condi- of 
a tiong of restraint. - However, itis important to note that, despite ag great variety 
BAe of conditions of support and restraint obtained in these tests, deviations com- fou 

puted from observed results were within narrow in dec 
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—The material 


whieh. will point the way for the application ¢ of methods of 


- landslide investigation and cprrection developed in one region to conditions 
- obtaining i in other regions—which i is the primary purpose of the preparation an 
the paper. Professor Legget states that the writer placed emphasis | on 
% development | of f instability of San n Francisco (Calif. ) areas due to the presence — 
of serpentine, yet st states that the rock formations « are not unique. — Large : areas — 
in San Francisco are underlain with serpentine and are stable, providing sound ~ 
- foundations. The writer had in mind the fact that all rock disintegrates and 
~ decomposes under certain conditions, the ultimate product of that dooay being 


containing a high percentage of Magnesian 1 minerals has an affinity 


for water which gives sita tendency to hydrate. This characteristic makes the 


"serpentine, a its surface is subject to. comparatively. rapid geochemical 

change when in contact with water. Other | common basic igneous rocks such ~ 

pyroxenite, _diabase (Market and Glendale slide), and some gabbros ‘have 

exhibited and extensive decay; sedimentary formations (Cro-- 


_lona Heights, Bernal Avenue cut, and approach to Broadway Tunnel) develop a. 
. & blanket of clay | that becomes unstable with t the absorption of moisture. The Ss 


adaptation « of the methods described to areas of unstable clay accumulation 


believed possible regardless of the origin of that clay. Test boring and 


- sampling has shown clay to resist penetration and become consolidated to a os 
‘greater extent with depth below its surface. Clay becomes stabilized by hia 


— of overlying or underlying m materials, or by ‘the ‘substantial : red ction 
of the time the clay surfaces are exposed to water, together with pr 


ey 


. aper has a red in Proceedings, as follows: May, 1946, by T. W. ‘Lambe; September, 1946, by 
- dan Feld, Geenes Harman, and Robert F. Legget; November, 1946, by Rush T. ‘Sill, Earl M. ‘Bucking- — 


"ham, and Alfred V. Bowhay; and December, 1946, by D. P. Barnes. a 
Cons. Engr. and Geologist, San Calif. 


Nors.—This paper by Hyde Forbes was published in February, 1946, Proceedings. Discussion on z 
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2 ft is of of value ~~ know that the ‘horizontal borehole ‘method of installing sent 
_ drainpipe, pe, described by | Mr. Buckingham, has been effective in arresting s slides act 
_ in Oakland, Calif. The method is particularly adapted to tap water under a 


_ “channel ’ ‘conditions and the ability to locate ‘such channels appears to biel the nec 


fairly coarse granular 1 materials i in a gully under a fill. The base of the fil mel 
had become saturated and ‘the fil was sloughing. ‘Ina a ‘similar situation, in had 


Be! “- diffused ground: water continued to accumulate. 7 ‘The limitations of the per in | 


i 


eolation ¢ or drainage area "presented by a small diameter pipe ye where ground has 


water is diffused through the material, and the possibility of clogging when nec 
“ah Rc installed through plastic clay, made the method not applicable to the cond- ity: 
= re tions found to exist in the clay involved in movement at most slides examined. by. 


The clay could only be stabilized through drying out, as as a function ofc 
of the shafts installed (O’Shaughnessy Boulevard slide). “con 


4 
Mr. Bowhay discusses the “maintenance” required in the ab 


done by the City of San Francisco in connection with landslide correction 
2 and stabilization. The object of the later work described by the writer was red: 


avoid such maintenance and to provide permanent stabilization, which strs 
ae seems to have been accomplished. +. The point is well made by Mr. Bowhay ing 
that expedient or measures are never r satisfactory, and they are | “tior 


subject to criticism and complaint by taxpayers when eyesores or hazards or 
continue to exist. > _ The design of the slide correction works on Parker Avenue ma’ 
allowed ed the recommendations of the consultants who had been investigating | the 


and observing conditions for a period of about one year ‘but were not re in: 


during the design and construction operations. Subsequently, the & Mr 
procedure of “advisory and supervisory employment outlined by the writer 


ag > (see heading, “ ‘Continuing Investigation During and After Construction’ ) was 


adopted by: the engineering department. In regard to the future improvement 
‘ aa ina of Parker Avenue, it is believed the e necessary extensions can can be? made at far less 
ae per unit of length than that of the original work. . Mr. Feld emphasizes 
the advantages of test pits over borings in determining subsurface conditions. 
a It is true that there are advantages; : and the continued observations ¢ of those 
_ conditions i in shafts excavated as part of the slide correction . works described 
ee we ee revealed necessary modification of “original plans based on preliminary i in- 
This has also resulted in. savings in cost below original estimates. 
The lack of correlation of drain discharge from various ‘slide areas with 
aie San Francisco rainfall record noted by Professor Legget was, in part, ate 
tributed (see heading, “Preventive and Precautionary Measures’’) to the in- 
Mes ty crease ‘in effective radius of the works with time, as natural subsurface ‘channels 
ie, are developed to. carry water toward them. ef In certain : areas a decrease i in the 


compact or r consolidated, the: tend to shed the water that falls them 
“ae - rather than to absorb it. In further answer to Professor Legget’s discussion, 
Ne writer’ 8 reference to the development of certain | laws and values through 


of dry ‘silica. sand applied to. the treatise by ‘William Cain?” 


Walls and Bins,” by William Cain, John Wiley & Sons, Inc., New York, 
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sented i in 1916, using the theories of Rankin and Coulomb in ‘relation to the 
Values had been determined experimentally, for these factors, in con- 
nection with clean sand. Th The writer has been impressed by the number of ? 
abstract considerations vied since which were adaptations of that treat- 
“ment involving. those two factors. Values for cohesion and internal friction 
had been assigned arbitrarily within tl the range of those determined by Mr. Cain, 7 ae 
or through experiments made on samples, the approach being i in . part theoretical, . s 
in part. experimental, or, , frequently, a combination of the two. The criticism 
has s been 1 made that geologists lack the training ir in mathematics and mechanics — p 
“necessary to comprehend such treatment fully, but empirical methods of stabil- 
ity analysis as applied to materials in natural occurrence have been questioned | 
by geologists because nature does not act in an empiric manner. The factors 
s cohesion and friction are not static, being affected by: slight changes i in n moisture id 
content and, principally, by the continued geochemical change occurring within | 
Mr. Barnes recognizes this as he states, secondary factors such 


“te reduction i in cohesion or in ¢ coefficient of friction . and swelling may outweigh | ab- 
_stract: co conclusions.” The colloidal silt and clay particles | present or developed 
i 


in accumulations of sand or other natural material tend to lessen internal — - 
_ tion and, being favorable to absorption of moisture, may render it it more cohesive 
or unstable dependent upon the amount and the “mineral character of such 

‘material and its s absorptive capacity. Water percolating through sand separates 
the grains, | thus reducing friction; and its presence tends to facilitate a 1 change 


Feld ‘enumerates, as one of the internal adjustments causing landslide 
- displacement, “(c) a modification .' the ‘soil constituents c causing a decrease i in 


The admonition for caution in the use of mathematical solution for sta-— 
bility problems, , commented “upon by Professor Legget, resulted from the 
-writer’s experience. Called upon to investigate landslide and other conditions 
of instability and present findings in court in connection with claims for dam- a 
“ages, the writer has been confronted with mathematical computations, asserted — 


“to be supported by texts or other publications ; and to prove the effect of certain od 4 


_ In one case a slide occurred because of geological conditions affected by _ 7 


a along period of unusual rainfall. The court took judicial notice that the same 


- conditions generated numerous slides i in the same region during the same period. a be 


ae... of the Pree in and around the slide, afford an adequate and Pc ad 
scientific explanation of the cause of the slide, with which the court is se a 


accord and to which it gives credit.” 


In another case involving a claim for damages in a condemnation suit the aa 
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"FORBES ON LANDSLIDE CORRECTION 
al 


arn not at all in accord w defendant's witnesses. I do not believe 


> the big slide * * * was due to excavations of the plaintiff. I believe it 
was due to satenel causes, including the steep slope of the ground, the char- 
acter of the soils, the rains, and the drainage. * * * the description [by 
the witness] of the geological conditions of the areas under examination, and 
for the slips and slides there found, see seemed to me ‘essentially 
_ Mr. Buckingham points out that landslides ae the natural “processes by 


roy 


: to lie x more often in geologic reasoning based on investigation, which was 
the basis of the decisions cited, than in abstract consideration of the effect 
of near-by work. One of the San ‘Francisco slides was treated theoret- 

2 aiey ty - ically, values of unknowns being determined experimentally on samples of the 

re - material taken from the slide, and a mathematical solution of the factors and 

: evaluation of the acts generating the slide- was published in a bulletin of a 

public a agency. The writer was later employed to investigate the slide and re- 

"methods correction. That investigation revealed the slide to 


have been generated, principally, through ground-water accumulation and ad up- 
te lift, which were not considered in the published treatment. The writer : ap- 
_ ~preciates | the value of abstract treatment of stabilization problems, as well as the 
~ limitations; ; he studies the problems at and frequently us uses them as a tool in analysis 
and, much less frequently, in making graphic presentations to to o illustrate the 
"principles involved and the reasoning followed i in the ‘design of works for which 
_ he recommends the expenditure of money. _ _ Also, in order to obtain some idea 
of the safety factor tk the works provide, the writer adopts the abstract treatment, 
with the revision of values assigned to unknown factors as he “believes” ’ they 
may become changed through the installation of works. does not use it 
as a substitute for adequate geological investigation, however. Mr. Bucking- 
iy A ham’s comment in this regard finds the writer in full agreement. . The writer’s 
comment has been presented.” The uncertainty in the 


which, in some respects, is ‘confirmed by Mr. Barnes’ analysis. 
a . that connection, it x may y be of interest to note that a subaqueous landslide 


ae is a common occurrence. — The foundation for the south pier of the Golden 
Be) Gate Bridge was originally planned ¢ as & caisson to be sunk a and landed at a 


: predetermined depth below rock surface. _ Excavation was carried on within a 
My es prescribed area into which the caisson was to fit and the caisson was built. 


= _ When the matter was referred to the writer by the contractor’ s engineer, it was 


5 estimated that about twice as much material had been excavated from the sub- 
. = aqueous site as could be accounted | for by the volume of material within the 


boundaries of the excavated | area. Divers were y sent down a and found that 
4 landslides" had occurred from all sides. The caisson was abandoned, towed 
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the sliding walls of the excavation. The of possible un- 
od derwater slide shearing structures was presented in connection with the intake 
_ towers at the e end of the new (1945) adits for the San / Andreas Reservoir i: 
tal Springs Lakes) of the San Francisco Water Department. Many alluvial 
fans and detrital accumulations on the floor of the reservoir were found to 
~ have suffered landslides with saturation on submergence, and these old slides _ 
revealed when the reservoir water level was lowered. The: slide 
_ were examined and the slopes f found | to be as flat as 1 on 23 to lon 3. Similar 
material ‘surrounding the towers W was s graded to those slopes, therefore, before 
the water level was raised again, 


a Slide analysis on the basis of displaced volumes | described | by M Mr. Buck- a 


ingham has its value as well as its sources of error. ‘The m moving mass most 
up toa number of units and is the move- 


exhibited at rates 


excess of taking place in adjoining areas, due to a higher moisture 
= content of ‘the clay, ar and so that striated scarps were left as banks to each | 
-“glaciertike stream” of clay. — During the winter 2-in. pipes were set in bore- — 
— and carried through the displaced fill, underlying sand, and clay into bed- 
rock in some instances, and in others ending i in the clay above bedrock. _ By 


those ending in clay) were dragged s so their prc projecting ends pointed 1 up the ‘slope; 
_ the clay in which they were landed moved : ata faster rate than the ee 


and fill The maximum thickness of moving ground was 125 ft, 


a summer. the pipes reaching into rock hi had been sheared at rock line ¢ and 


“had accumulated to that thickness in the bottom of a bedrock gully through 
"movement from the sides and down the slope of the gully. differences in 
tates of movement important in the location, depth, and type of stabili- 
zation works selecte ‘Thee effect of movement on the many ny observation pipes 
set in the Parker Avenue boreholes showed that ; the moving mass was separated 2 
vertically i in horizons of | varying character of material and ‘varying ground- wae “ 
3 water conditions, each horizon with a distin ct character and rate of movement; or 
and the: stabilization works have been carried into the bedrock an 

- drainage pipes have been set in that rock in most of the installations. — That 

— is an added reason why the horizontal borehole treatment does not apply to ees 
the slides’ discussed,” ‘although successfully applied to the Oakland slides 
a . Feld adds greatly to the value of the paper in citing the application 
of ‘drainage methods to conditions of instability developing within a body of S53 

a “material, although exterior displacement, or landslide, does: not result. 
Feld agrees with the writer as to the necessity of obtaining a , complete pic- 
of ‘subsurface conditions and it evident that he a 
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agree with the writer that boring records and samples are of little sin H 


not collected by an experienced geologist. It is probable | that the writer did 
not make himself clear on the point. 


Since about contractors and ‘engineers have submitted for 


“attached to specifications. ‘Such ‘material was of no value except 


taken from localities familiar to the writer through previous work or in 


connection with structural” requirements which presented simple problems, 


as it was to produce an interpretation the neces- 


In» years City of has let many contracts for 


i ae _which produced only driller’ 's logs and bottled samples and for which there J 
was left no record of interpretation. The writer has found, and wishes’ to 
_ convey in his statement, that a geologist experienced in problems presented, | 
which require further subsurface information, after making a careful study | 
fa of the surface conditions and history « of the locality in « question and its vi- 
-cinity, can direct the location of a& minimum number of borings or test pits | 
produce the maximum working data. During the progress of drilling 
mpling, he ¢ ‘mechanical actions which are infor mative; he | can | 


that he can chead and tell and inspectors what to ‘watch 


tia obtained have been used with confidence which proved warranted. — Mr. A 
Harman mentions the value of geological investigation and, direction of 
_ in accordance with the results of such investigation; but an cain | 
4 oe his” experience with landslide correction and stabilization work on city- 
land conducted “relief projects” would have explained his views. 
Mr. Buckingham presents the reasoning he follows in the analysis of land- 

slides through surface topographic features. As a rule much can be 
rm trom such observation, but the exceptions are important, and occur frequently 
enough to make subsurface observation a requisite. No evidence was found” 
mi that sliding had occurred on the s slope. at St. Mary’ 8 ; Playground before the 
eae the ‘fill was placed. — The fill compressed the soils through which water pre- 
Po ssi viously passed freely down the slope; pressure was developed and the fill 
Ar slid out of place. , At Parker Avenue the uniform sand slope of Lone Moun- 
tain gave no evidence of the underlying bedrock gully. Water was found - 
in . disintegrated bedrock underlying residual clay in that. gully, and in sand 
ses beds between clays which had been developed when those sands were surfaces. e 
The flow net, as modified | by the ‘escape of water from the ‘disrupted mass 


during a period of more than a year r following ‘the slide, is shown by contour 


Tines i in Fig. The variation of water level in the holes to bedrock (circled) 


Ss ee $5 from those not registering the deeper water at that time is s noted i in numerals. 
Peg 4 Mr. Lambe designates the writer’s consideration of the ground-water hy- 
, involved in the of as described “in gen 
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nature of the effets.” iew is und as a cor 
of the subject, even in connection with but one of the proved to add 
F too greatly to the length of the paper. The continued observation of the water 

lev vels in pipes set in preliminary boreholes has s provided very necessary data 
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for the and determination of ‘the effectiveness of installed works 
at several of the slides. The graphic analysis of such observations ; at the eats 
Parker Avenue slide was quite extensive, largely ‘through the use of contour — 


of’ equal water elevations as movement and drainage continued. Fig. 
is such an analysis for a specific date. It would have been of interest 


Ph Mr. Harman’ s discussion of the | St. Mary’ 8 Playground : slide had he presented — a 
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area but many inconsistencies were found 4 in individual measurements | 
‘or = _ were not explained until the boring for the correction | work v was under way. 
i Mr. Sill describes in detail the geological conditions the 
Bass _ weathering of granitic rock, and the slippage of masses of such rock lying 
Be” eS between a steeply dipping fault plane and the excavated face of a spillway. 
ee It is of interest to note that movement was arrested by: preventing the entry 
ee of surface water. It has 3 been the writer’s experience that finely | divided fault | 
— sap gouge acts as a lubricant as well as a plane of parting, and that dry 1 masses will 
‘s, part from the main body and slide along the slanting footwall of a fault zone 


_ excavation leaves them unsupported. — _ A similar experience was had with 


: micaceous schist. 7 The State Highway Department blasted a cut in in that rock 
over a Western Pacific Railroad tunnel near Keddie, Calif. The blasting caused 

mass to part along planes of schistocity dipping about 70° from the 

zontal toward the cut and tunnel which, although dry (summer of 1931), allowed 


. — created a thrust against the tunnel lining ata 1 depth ‘of about 60 ft below - 
bottom of the cut, buckling 


Correction Transactions: In Proceedings, on page 
, (1284, in Fig. 16(a) change “Sep t. 18, 1941” a and “Feb. 18, 1945” to “No. 18; 
. S 1941” and “No. 18; Feb., 1945,” respectively. / Add a point K near 
ie the right-hand edge of F ig. 16(a). In Fig. 17, insert a circle in n the legend 
to ‘identify ‘ “Manholes” and adjust the channel arrows in Fig. 17 slightly to 
—- to the actual courses; and, on page 1240 sa 13, change * “a shaft and 


in its application | to the problem of landslide investigatio 


a tunnel drain” to a! drain.” 


ng 


rt 


s. 


My 


m 


= 
| 
| 
— 


ETY OF IL ENGINEERS» 


ded November 5, 1852 


SCUSSIONS 


Diseussion 


F, J. SETTE 
a. F. J. Serre, 8 M. . ASCE. sa_In asserting that the size of the annual photo- 
"graphic program is conducive to active competition and to lower p prices, Mr. 
_ Noreross i is quite correct, because it permits contractors to plan for ec continuous 7 
- operation. - It should be realized, however, that the size of the | program ram by 
- itself will not result in lower prices unless projects are scheduled in accordance = 


equipment available and the prevailing climatic conditions. The greater 


use of aerial photography for topographic mapping purposes and the need for 
rephotography because of cultural changes may well ‘Tequire a substantial, 
annual, aerial photographic program. This being so, planning, coordination, 


~ and integration, as now performed in the United States Department of Agr 


culture (USDA) f for its own bureaus and ; agencies, should also be performed at a 
om level, presumably i in the Executive Office of the President (Bureau of the 

Budget) for the v various departments of the federal. government. 

Large ¢ commercial concerns have | been developing markets i in foreign 
tries for some time, even before the war; and to the extent that they a are success- : 
ful and stay out of the ; domestic market, competition n may be reduced. No ay 
concern ean a safely stay out of tl the domestic market entirely. 


use e of planes j is costly, narrowing area of ‘competition 


that competitors may take advantage of this special circumstance. If an an 


estimator knows the location of commercial ¢ concerns | with reference to project 
3 areas, and the type of equipment at their disposal, he can determine « @ reason- 
able allowance for these circumstances. 


. 4 Although the federal government | is the la argest user of aerial photography, — 


‘ 4 the i increasing ‘use by others of the government’ s aerial photography, a asreported _ a 


= per a ared in Proceedings, as follows: September, y i. penereme, and James u oom : 
e and October, 1946 by Marshall S. Wright, and Robert H. Randall. 


© y Director, Bureau of Constr. Field Operations, Production Administration, 
Office of Temporary Controls, Washington, D. 
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es Mr. Wright, is gratifying. _ The writer feels s that World War II interfered. 
with the full utilization of the government’s available aerial photography, by 

. There should be an even ‘greater demand in the ‘future, 

especially if, the photography is kept current with cultural changes. 
es - Wright states that one of the benefits outlined in the paper was that of enabling 
the contractor to utilize his personnel and equipment throughout the year by 
"permitting him to move south in the fall. In the aerial photographic program 
a oe of the summer of 1937, it apparently was the disappointing performance of a 
a fy. iy score of crews in the south that led the writer to an analysis of the monthly | 
weather conditions. After 1937, large-scale immobilization of plane crews in 
- southern states in n the summer and f fall was no longer eae, a - 
the bids against them is. still ‘followed, in general, not only by 
g USDA but also by other federal departments and establishments. If ‘this 
i. i - procedure is continued in the future and if programs 0 of v various s departments of 


the government are coordinated ai and integrated, extensive economies can be | 


‘ fe equipment. Such economies, in turn, can be passed on to the government in the 


res: ‘The wi writer is particularly pleased that Mr. Cultice was able to > give actual 
contract prices for aerial photography to compare with estimates developed 
the two examples | shown in the paper. — Project. A located i in northern Missouri 

: was estimated to cost from $1.90 to $2.00 p per sq mile on the basis of 1938 | prices. 
= ‘Mr. Cultice states that the contract price in (1940 f for aerial photography in 
; Ro orthern Missouri was s $1. 70 per sq mile. . On September 19, 1946, bids were 
opened by 1 the USDA, for aerial photography involving 13,484 sq miles in 

: northwestern ‘Missouri, southeastern N Nebraska, and south- central Towa. ' The 
low bid averaged $2.38 per sq 1 mile. be Project B was estimated to cost from $2.25 
to $2.35 per sq mile. . Mr. Cultice reports a contract price of $2.24 per sq mile 
in 1940. _ Int 1946, the low bid f for8, 430 sq miles (mostly i in Indiana) was $2. 42. 
igs of the e parcels i in this area of 4,647 sq miles was bid at $2.35 per sq mile. 


_ On September 19, 1946, bids for a total coverage of 39,086 sq miles were Te 


made by commercial concerns in planning their operations and in utilizing their 


quested, the low bid for which averaged $2. 40 per sq 1 ‘mile. The project areas ; 
located in Minnesota, Wisconsin, Towa, ‘Missouri, N ebraska, Illinois, 


Indiana, and Pennsylvania. 


ue On December 30, 1946, bids were requested for kadai of 17,178 sq_ 


miles in South Carolina, Georgia, and Florida; and the low bid $2.53 
_-~per sq mile. For the September and December bid id openings, the average of 
- a all the low bids w was $2.44 per sq mile for a total c coverage of 56, 264 s sq miles. 


" terials, and supplies, the 1946 bids certainly compare favorably with the 1941 


w hich averaged $2. 34 sq mile for a of 381, 083 sq 
miles, 


"materials keep pace, government give greater attention to 


: Considering the scatter of the projects and the increases in cost of labor, ma- 4 
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Marc 


is grateful to Messrs Norcross, Cultice, Wright, Randall for 
liebe contributions to his p: paper and for their favorable comments. The paper 
- contained a number of assumptions, the validity of which could be upheld only 

by adequate cost records i in the possession of commercial aerial photographers. — 
‘Since the assumptions have not been challenged, the writer must conclude that 2 a 

"these may not be too far “out of line” with actual costs. * Contract awards for , 
"successive years, 1939 through 1941, and bids submitted in 1946, lend further 


support to the general reliability of he various assumptions. 
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CIVIL ENGINEERS 


Pp. 


OD, Esa. —Discussion, by amplifying the « original: paper, has 


cussion may be clarified ‘by ‘further definition of the ‘underlying 1 reasons for 
the location of industries: First, there are entirely new projects in which man- 


"agement is free to choose the best location; second, there are branches of ex: 


isting industries which setve to increase capacity and to improve dist distribution 
a - facilities without affecting the e operations of plants previously built; and, third, 


4 there are plants established for the purpose of decentralizing an industry. 
Plants in the third class relieve the pressure on the parent plant and ial 


provide the advantages mentioned in the case of branch factories. Distinc- 
: tion should be ‘made b between the migration and expansion of industries to take 


a advantage of new opportunities and the decentralization of industries to avoid 
impairing or exhausting the 1 of certain localities. 


The New economic -report,® 5 mentioned by Mr. Lewis, classifies in 


dustries dependent on a a metropolitan | location and discriminates between 
them and the industries needing more room than they can find ina great city. | , 


ice It should be noted that New York (N. Y.) and other large cities are, in 
effect, industrial incubators for the less thickly populated sections of the United 
States. . Many « of the industries that , started as small enterprises i in the lofty. 
buildings of great cities, which are the only places \ where they ¢ can find suitable 
_ rental space and skilled labor, later will expand into their own factories b = 


either in the suburbs or at remote locations. 


Reference to employment and industrial activity in 
; throughout t the ‘period which includes both World War I and World War Tl, is 


a , —This paper by Charles P. Wood was published in March, 1946, Proceedings. Discussion 00 
a this paper = appeared in Proceedings, as follows: November, 1947, by Harold M. sepa and R. F. Goudey. 


7 Industrial Engr., Lockwood Greene Engrs. Inc., New York, N. Y. 


-5“*Major Economic Factors in Metropolitan Growth ard onal Survey of 
York and Its Environs, Vol. PP. 19- 30 ond 104- 107. 
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194 “WOOD ON LOCATION OF INDUSTRIES 


¥y Bridgeport is a highly developed manufacturing community with dveint 
industries and a large, well- housed colony of skilled labor. | It is also a con- 

-yenient distribution point for the | great northeastern markets and ‘especially 
“for the New York ‘Inetropolitan at area. For these reasons, it is not comparable 
- with southern or western cities of the same size or larger, which have com- 
paratively few established industries and comparatively small colonies of, 
skilled labor. | Despite its many advantages, Bridgeport has found it profit- 
‘able to have its resources studied with a view Ito revealing o) opportunities that 
otherwise might have been neglected. "Absence of large sites was not allowed 
to obscure prospects for the development of smaller sites for industries par- 
ticularly adaptable to conditions at Bridgeport. 


*. Goudey’ s timely comment on the treatment of waste and the reclama- fac 


tion of water directs attention to the i increasing importance of the water supply. 
It is not surprising that this comment should come from the West, where the 
conservation of water resources is of more consequence than it is in the East. ‘i 
However, the abundance of water east of the Mississippi River is no reason — 
for neglecting the treatment of polluted waste or the conservation of pure 
water. Polluted streams have become characteristic of industrialized ‘Tegions, = 
iene: of lax enforcement or the absence of regulations i in the early | days of 
industrial development. Pollution of ground water resulting from spreading 
industrial waste on the land, also mentioned - by Mr. Goudey, | shows the 7 
-hecessity for treating dry waste : as well as effluents. _ There are other familiar 7 
ation cases where polluted effluent i is collected i in pits, whence it gradually seeps into © 
third, | “the g ground, and where the resultant pollution n may not be be apparent until there 
isa a need for pure well water in the vicinity. 
. ole ie Reclamation of sewage and other polluted waste water for boiler feed, 
stine- : “cooling, and similar purposes will become more important as “progress is made 
“vith the industrial development | of arid sections and as the water supply 
avoid fg 


i The suggestion that the location or relocation of industries could be facil- oy 


‘itated by consulting local coordinating committees fails to take into account Rat 
es that the rosul blicity may nullify the com efforts. Co 
tween Mat the resu ting pu icity may nullify t e committees’ orts. ompetition 


ity. 
ity. prospect makes. it necessary to keep the project ; confidential a decision 


has been reached. In such cases, consulting engineers function because they 
can information n impartially without disclosing the identity of their 
uitable ‘Similarly, the increasing importance of as a factor controlling. 
built of industries requires the use of marketing data ‘in appraising the 
= characteristics of an industrial location. In this respect, however, ., engineers wale 
Conn., can get assistance from sales and distribution management. 

r I, By summary of new plant locations chosen since 1940* by six large companies 
pment. manufacturing different products includes the following observations: _ a ah 
sion 2 The total number of plants built or locations selected is eighty three, ea. 


pany, 11; General Electric Company, 35; General Motors, 19; Philco,7;and U.S. 


Fans Out,” Business Week, November 23, 1946, P. 


jus Aluminum Company of America, 2; E. I. du Pont de Nemours and Com- ~ 
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‘ON LOCATION OF INDUSTRIES 


‘the preference cities and towns being in ratio of 3 to 


division by states, mee number of plants since 1940, is as 
ollows: 
‘There is evidence of a tendency toward smaller plants. For example, the 
General Electric Company’s thirty-five new plants are described as engaging “po 
The controlling factors in the of these locations are ca 
labor, markets, transportation, raw materials, power, and fuel. Reasons given 
changes from former locations include a continuing policy of ‘decentral-— 
ization, for better control of operations, social and economic § 
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OF STRESS DISTRIBUTION 


Discussion 


BERNHARD 
K. BERNHARD 


K. BERNHARD, 4M. ASCE."*—The “effect of stress distribution on 
- points” ¢ described mainly from the point of view of the material itself is pre- 
sented in this paper. might be of interest to treat the subject m more dynami- 
“aly (60),"° discussing the change of equilibrium between specimen and d testing a. 
machine or the effect of the natural frequency of test machines on the: accuracy 
of indication in high-speed tests with respect to the determination of yield 
. points. — (The writer has contributed to this subject t twice before (61)(62).) 
ey s In high-speed testing of essentially the same material, | different results may 
be obtained depending upon whether a massive or a light testing machine is sn 
used. _ Furthermore, the stress-strain diagrams of certain materials indicate 
near ‘the yield point peculiar forms, which in 1 some cases may % not be — a 


the qualities of the tested material : alone. 


frame of (the crosshead, etc.) whereas springs with a definite 
-dastic ‘constant. represent the test ‘specimen a and the hydraulic medium. At 
: “any moment there must be equilibrium between the summation of the elastic aD 
forces of the springs and the load on, the ram of the machine. 
ws In the case of a testing - machine having a low elastic « constant, a very rery small _ 
3 ‘decrease of load will result with the increase of strain; a high elastic constant, Ls ae 
; on the other hand, will result i in a considerable decrease i in load with increase a 
strain. When plastic flow ceases, equilibrium between the two elastic 
forces (specimen and ‘pressure medium) may be restored and the point of “3 
equilibrium again rises as soon as the Pressure pump starts to force new liquid qa 
N 


OTE. —This ps paper r by. F. G. Eric Peterson was s published i in April, 1946, Proceedings. Discussion o on = bal’ a 
fie paper has appeared in Proceedings, as follows: September, 1946, by F. P. Shearwood, Edwin H. Gay- — ioe Py: 

pa pand L. J. Mensch; November, 1946, by George’ Winter, and O. Sidebottom and T. J. Dolan; and De ri s “i 
mber, 1946, by. J. F. Baker and J. W. Roderick. 


Prof. of Eng. Mechanics, Rutgers Univ., New N. ‘ee 


Ay 
Numerals in parentheses, thus: (60), refer to corresponding items in the Bibiiography (see 
the paper), and at the end of discussion i mt 


a 


~ 

* 

fi 

tons 

— 

ady 

— 

“a he 

Aging 

— 

sven 

tral 

4 
— 
j — 

| 


— the cylinder. ys It must be borne i in mind, however, that, with siting 
tension in the specimen, the plastic flow will also cease. 


— rapid flow gradually changes into some kind of creeping flow before 
; equilibrium i is finally achieved. _ Hence, in certain cases of high- “speed testing 
‘such drop in 1 the load- deformation ie, 2 due: to plastic | flow, may be inde- 


* 
¥ 


‘may take place vi very and the device of the testing machine 
must follow immediately these rapid changes in both th coordinates— —that is, 
load and deformation. is well that as ‘goon as rapid changes come 
eS in into consideration the accuracy of any indicating device depends on the natural 


ie ee a Any fluctuations during the test having a frequency of more than one tenth. 


- ie a) of the frequency of the machine will cause incorrect, indications, assuming, for 
ea “4 simplicity, that only vibrations of a sine form with a small damping factor 
‘come into consideration. — This indicates, also, that different values for the upper 
and lo lower yield points, independent of th the quality of the tested material and due 7 
to ‘rapid changes < of plastic flow near these yield points, _ may be found in 
«Effect Upon ‘Yteld- Point Determinations.—The surplus i in tension at the 
pper yield point is a type of delayed phenomenon. plastic. flow’ of the 
aterial in the specimen has started, , the further shape of the diagram depends, BD be 
t least to a certain amount, upon the character of the test ‘machine. | ‘if the 


‘machine, however, will produce the well-kn 7 


* 0, ay A similar result will be produced if the test specimen is long and has a low & th 
elastic constant, thus causing a heavy drop i in the > diagram. Consequently, a 
very short and rigid specimen indicate no lower yield point at all. 

Summar —In the light of the foregoing comment the conclusions are reached of 


se 


(60) “Einfluss auf das Spannungs- be 
Dehnungs-Schaubild,” by W. Spith, Archiv fir das Eisenhiittenwesen, 

Journal of Applied Mechanics, A. M. E., June, 1939, ». A- 1-89. 

(62) Bulletin No. 106, A. S.T. 1940, pp. 


Bey 


He — 
— 
as:«éthe elongation of the test specimen produced by plastic flow means 
he test h tself. A high elast: - 
si decrease in tension for the testing machine itself. A very high elastic con @ ,. 
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DISCUSSIONS 


-RIGID- FRAME STRUCTURES ‘SUBJECT T TO 


Discussion 


Be 


CHARLES 0. BoyrnTon,"® “Assoc. M. ASCE. bending stresses ina 
closed continuous rectangular reinforced concrete frame, caused by heat ap- 
“plied to the inner face, have been analyzed in Part 2, to which this discussion — 
- appertains principally. _ Mr. Tommerup has ably demonstrated the excessive 


_ bending stresses inherent in such a frame, recommend- 


ay ‘should be emphasized that the full magnitude of awe 

the uniform bending moment obtains in any part of the © 

beam, however short, when restrained from bending. 
This condition may may be illustrated by ‘reference to Fig. 
25, in which ABCD represents any very short part of is 


the beam of length L and depth d, free from restraint. 7 TE to ‘a 
Side AB has been heated ¢° F hotter than side CD, with > ae 25 : 
relative elongation AL. If the temperature coefficient 


mys of linear « expansion is a, r, then AL = at Land the ce entral angle formed by the ~ 


tangents to the ends of the elastic curve, 0 _ AL =2 very 


and the > conjugate beam be loaded with the Mai iagt 
curvature is uniform and just sufficient 
The aren of this diagram, y the moment area method equals the 


20000079 x 400 x 2,000,000 14,280 5 


... Nots.—This paper by Carl C, H. Tommerup was published in June, Proceedings. Discussion on a me 
this paper | has appeared in Proceedings, as follows: ovember, 1946, by I.  Oesterblom, and Frank R. 

“Engr., Structural Design,# Blanchard & Maher-Frederio Ine. Keller & Genin: San 
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BOYNTON ON 1 THERMAL Discussions 


agrees with the author’s determination and i is about the safe 
resisting moment of the beam. _ However, had the more common ao of con- 


In view of the stress in this it 
Beet be logical to destroy the bond of the tensile steel by applying : a a coating, 
thus allowing the concrete to crack at very frequent intervals. — The tensile 


bars would help to prevent disintegration of the concrete. 
as If the ends of the frame are restrained, there will be, in itm to the 
ile stress, an axial thrust due to an average temperature rise of 200° F, 


the unit compressive stress_ being Eat = 2,000,000 x 0. 0000079 X 200 


oe ‘The stresses developed i in 1 this example are sO far beyond safe values that 


i some basic changes in the design would be indicated, such as protecting the hot 
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elk RUCK SPEED AND T) IME LOSS ON’ GRADES 


at + 
-BYELuiotr J DENT, ANDF.B.OGLE 


‘tm are certain practical ‘considerations that the writer believes should 
aa On the upgrades encountered on main 1 highways the ‘modern passenger car - 
can, ordinarily, maintain normal speed; in fact, there is often a considerable _ 
“reserve of power f for pickup. | ‘Trucks, on the other hand, are slowed down to a 


“marked degree. Ont the downgrades trucks can, and do, maintain or 


control. of the vehicle is much less efficient. Other things being equal, the safe ' 
speed on an upgrade is greater than thatona downgrade. 

If the foregoing were the only considerations, the easy and safe places for — 
passenger cars to pass trucks would be on the upgrades. It is unfortunate that 
in such | locations the summits limit the sight distances and make it unsafe to — 


whereas on the downgrades the visibility i is much better. A 
¥ In rolling country, on heavily traveled two-lane highways, it is inconvenient 


‘and most t exasperating that, when the safe and available speeds are favorable nas 
for passing, g, the visibility s so often inhibits such action. — On the other hand. * 
when the visibility is satisfactory, the available relative speeds a are unfavorable. 
a Inthe majority of cases the logical solution i is the provision of an additional a.” 
Assoc . M. ASCE. a_The maximum for high- 
ways, required to meet a specific set of conditions, can be determined by | the ¢ a4 
long-needed method presented in this paper. n 4 Certain variable | factors, partic- 
driver habits truck characteristics, will be minimized by 2 


lls Received January 20, 1947, 
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Which wil be forced by competition. s development is foretold by the 

x this Norz.—This paper by J. W. Stevens was published in September, 1946, Proceedings. Discussion on — Bee ft 
us Paper has appeared in Proceedings, as follows: December, th. 


in ‘railroad operation of ‘the past. T ‘The method Mr. 


| ‘chy am The first designers of the modern highway wer were primarily concerned with — 


providing: an all-weather surface for light self-propelled vehicles of relatively 


speeds. The alinement usually followed existing roads; -and the grade 


followed the « existing grade closely. — _ Based on present- -day standards, this aline- 
7 & ment was poor, and the adverse grades were excessive in many cases. — +i 

As the traffic load increased, improvements consisted primarily of widening 
au pavements, ‘inserting curves at angle turns, flattening existing curves, and re 

4 feay; ‘ducing excessive grades to an assumed maximum rate of rise. The assumed 
prec al maximum | grade rates were low enough to avoid any serious ; reduction in speed mi 
of the then predominately automobile traffic. traffic capacity did not 


ae Sue The appearance of the freight hauling truck in substantial numbers in the | 


hh past few years | has changed tl the picture materially; and highway capacity has 
Kt € become : an important problem i in highway design. ' The trend clearly indicates: 
in that in the near future, certainly within the normal life span of the highways 
now being designed, , truck traffic will predominate. This trend will be ac- 
- celerated by the adoption of uniform traffic regulations by all the states. Such 
regulations will come in time, and their adoption will increase interstate move- aw 
‘ment greatly. For economic reasons, commercial trucks in interstate haul 
must operate with heavier loads and at higher speeds. in, 
a en. Grades that can be negotiated by the passenger a automobile at 50 m miles sper | pr 
hr or more will force the trucks into lower gears, requiring -them to crawl t up at Big 
te 10 miles per hr, or less. On long grades where traffic is heavy, this produces a (a 
serious condition, both from the standpoint of safety and of highway 
 eapacity. This is apparent to all drivers. One method proposed by Mr. 
Stevens for relieving this. congestion is to provide passing lanes” which will 
release the faster moving ig vehicle; but it will give no Telief to the trucks, which i op 
be relieved only by proper grade design with truck as the controlling 
4 mane Grade design esd on truck o operation on will increase » the construction or first ‘in 
eo cost; but it will reduce the unit cost of truck operation and increase the highway — a 
3 ae capacity. The net result will be to reduce the actual cost based on om number of Bw 
vehicles: accommodated; and these are, in fact, the true costs. 
appears that the expenditure of public funds for the convenience of 
“ee a trucks operated for private profit is not justified, as has been contended by th # m 
a eas _ railroad companies. ' This is unquestionably true in so far as the benefits accrue a - 
A 


; ag tot the truck operator; but the movement of freight on n the highways has become ke 
ae ee oe vital to the economic life of the United States, a and saad reduction i in the cost of 2 
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mg “EXPERIMENTAL OBSERVATION UTING 


Fe 


ac- s. Foster, 17 Assoc. M. ASCE. va__While a sanitary eng engineer 
uch been searching diligently for ¢ cross connections s with an unapproved | 


= is to seal off the bar by a barrier at the 
Nevertheless, as Mr. Machis states, and as s the experience at Baltimore 

- (Md.) shows, this undesirable water can find its way down the outside of the | 
casing and thereby pollute the new aquifer. At Baltimore the pollution con- 


Mr. sisted of salt water which renders the supply unfit for further use. 


Mr. Machis’ system, borrowed from the petroleum industry, consists of 
$ "pumping a cement slurry a around the outside of the well casing and forcing it . 34 
under pressure against the wall of the well. In coarse sands and gravels the oats 
| cement will penetrate until the internal friction of the sand grains halts the — 
4 


intrusion of the slurry and allows it to block and seal off the aquifer. — In fine 


way ‘sands the slurry will merely collect like a filter cake, and the pressure applied sd 
er of - will squeeze out the excess water leaving a firm, strong cement barrier with a — 


"consistency of from 4 gal to 5 gal per ‘sack. In its underground | location , this — 
barrier will have an even temperature; it will be con nstantly in contact with — 
moisture; and, probably, will not be subjected to ) variations i in pressure. Con- 
"sequently, for practical purposes, it should | enjoy virtually an indefinite life. _ 
As Mr. _ Machis states, by varying the consistency of the slurry, one should “a 
to seal long lengths of the v well or to apply applications of 


"flushed up and outside the well. in order tc ‘establish circulation) may 
. 5 disturb the sand and gravel strata and make them slough against the side of anand 


} Notz.—This paper by Alfred Machis was published in November, 1946, Proceedings. Discussion et 
this paper has appeared in Proceedings, as follows: February, 1947, by James Hays. 
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— to make them hold their positions firmly. ~ Actual drilling logs show that clays 
_and shales with less internal strength slough away more readily than do sands_ 

ware i One question that arises in the mind of the uninitiated (and most engineers 

; ow ho are not ‘petroleum specialists fall in n that class) is whether some materials | 
>, _ af other than cement might give better results. . Of course, a beam or briquette. 
A made of neat cement will give an excellent account of itself on a strength basis; 


Re but it does insist on shrinking, even under favorable conditions. 2 The writer 


a and the precipitated minerals will consolidate the sands and pear suffclenty 


a= a recalls at one time helping to waterproof a curing room in a 1 a laboratory i in which 
-. both temperature and humidity were to be maintained within n close limits. A 


; ae a _neat-cement layer of grout applied to the brickwork i in the room shrank k and 
cracked sufficiently to lose its effectiveness. It 1 may be that. shrinkage would. 
| Be _ not be a factor in the case of well ‘grouting; but water has an admirable t trait of 

i oe persistency a and an ability to enter any small opening g and develop it to s amazing 
would seem that some — like asphalt or a dense 


4 this cre danger. 


tions. 
ge err in a the petroleum field, , there | must be c concerns s that would be 2 willing 
a to do the same work in the water works field. ~ Consequently, the water works 


engineer would like to know what specifications he should call for i in order 
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Discussion 

7 


A. Assoc. M. ASCE. thought that depletion of g 
water supplies does not occur suddenly but results from hydrological with- 
_ from storage at rates. greater than recharge i is strikingly presented in n this 
"paper. Because many variables enter into a decline in water levels and differ 
“somewhat even at two ‘points in a restricted area of a few square n miles , it is 
reasonable that many | people might : assume that declining levels would spell 
As the author states, the properties of the individual aquifers | determine | ps 
: much water can be drawn from them by ' wells. _ When progressive declin- 
ing levels occur due to a concentrated pumping requirement in a in a limited area, i 
it is certainly proper to consider and to put into effect certain engineering con-— ~ 


cepts: which promote effective utilization and conservation of water 


Tes re: 


1. Proper well spacing, projected by) use of the Theis sialic formula — 


applied to measured production and pumping levels of existing adjacent w wells 
and pilot wells, « can enable large municipal and large industrial users secure 
their ground-water requirements without fear of depletion, 
Sometimes in an existing well. field, | a of pumpage to 
| equalize the effect of the water levels will help to forestall a rapid decline in “i F: 
given sector of the field. This i is attained by taking production from outlying a 
wells in order to » enlarge and equalize the withdrawal per | given unit of area. hs " 44 
. ‘The Piezometric surface then tends to be devoid of the depression ¢ cones created — oie 4 
? bye excessive pumpage in a small ¢ area in a well field. In terms of operation — ~ 2a 


b areewgh it may be stated that the quantities withdrawn from outlying wells 
wells i in 


ar 


« 


—This paper by Charles L. McGuinness was published in 1946, Proceedings. 
*Engr., The Layne Texas Co., Ltd., Houston, Tex. + 
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In ‘many areas additional exploration will ‘Teveal the exact depth and 


supply requirement so as to be certain that the extent ‘of the salient is “def. 
: italy 
a ia = Where known sands afford water of different mineral quality, it is ex- 
—_ - pedient and within good conservation practice to utilize the better quality of 
ce = for boiler and domestic use. By this is meant water of low hardness 


a and with chlorides | generally within the United States Public Health Service 
standards. Where supplies of greater hardness and chloride content occur, these 


a generally be better utilized for | certain industrial processes and cooling. : 
serving the water ‘supply needs of a large. community the fact must. 
‘not be overlooked that certain surface streams may 81 supplement a ground-water 
program or \ vice versa. ‘Sometimes there is a tendency to balance pro- 
duction, storage, and distribution costs of one against the other, although both © 
may be required to supply the present § and f future needs of a large ; and growing 
center of population adequately. - Surface and ground water each have in- 
herent advantages and disadvantages; the of each sometimes 


necessary to complete the water supply picture. 


The points outlined, which are ‘suggested procedure for ground 


a water supply depletion problem, were covered in part by the author, but item 5 oym 
_ supplements his presentation. Delineation by items serves to emphasize the tion 
points covered i in detail ail and by « example in th the paper. long 
bet, “S ‘The Houston, Tex., area presents an example of an aquifer which has a high to th 
’ “a ™ rate of recharge due to heavy precipitation, a large outcrop area with average ceou 
ae ; permeability, and a series of sands totaling approximately 600 ft in thickness; mar 
a . 4 and which, as a result, affords a large perennial supply. However, the dis tock 
‘a charge required from the pera is becoming increasingly greater d due to in- solu 
dustrial and municipal growth and irrigation usage. Therefore, the previously 
Be enumerated factors will have to be utilized to provide ample quantities for the 
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FOUNDATIONS, 


‘TENNESSEE 
SYMPOSIUM 


By BERLEN C. MONEYMAKER, AND BLEE 
Assoc. M. ASCE? two papers in this 


Symposium ill illustrate the magnitude « of problems encountered 1 in the —— 


tion of dams on limestone. foundations in a region that has been humid | for a 
long time, geologically. The rocks of the Tennessee Valley have been exposed — - 4 
to the relentless attacks of the agents of weathering for millions of years. Sili- 
ceous 1s rocks have | decayed to great depth a and the carbonate rocks (imestone, 
marble, dolomite, and shale) have weathered by solution. Soluble 
rocks not only have been ‘“‘worn down” to their present elevation largely by 
i solution, but they are re also “honeycombed” by ‘eaves and smaller solution Py 
channels to considerable depths. — 2! Cavities are largest and most numerous in 


easingdepth | |} | 


the sixteen dams completed by the Valley Authority 
date, nine are founded entirely or partly on limestones. ‘Three additional 
dams i in the area, built before the creation of the Authority, are also founded 
on limestone foundations. — Although some of these sites were much beter 
than others, all of them were to some degree cavernous. 


atl 


Pauls’ paper on Fort Loudoun Dam fairly complete record 


involving this was the selection of a site. preliminary geologic 
investigation of that section of the Tennessee River i in which Fort: Loudoun ~<a, ie 
to be located, undertaken in May, 1935, soon revealed that no ) really y good dam 
“ates were to be found. To locate the best site available, a detailed study was — 
made of the river from mile 576 to mile 609. The geology of this o- mile 


Notz.—This Symposium was published in | December, 1946, Procesdings. 
Geologist, TVA, Knoxville, Tenn. ud 
% Received January 30, 1947. 
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stretch” of the river was carefully mapped and dam sites were 


Some of these sites (si (see Table 4(a)) had been considered by the U.S. 
- Engineers; others had not... A few holes drilled by the engineers at the Marble 
nA Bluff site showed the rock to be cavernous. The numerous ‘sinks: at both s 
= i Marble Bluff and Bogart Island indicated extensive bedrock solution. 7 At the 
Loudon sites, foundation conditions were thought be fairly good but the 


: allan was low, thin, and cavernous. The Rock Quarry Bar sites were 
considered the aes dam sites in the entire 33- mile stretch of the river; but they Ms 
Were also ruled out because of the low, 


INVESTIGATED thin, and cavernous reservoir rim. ~The 
Bussell ‘Shoals sites the Coulter, 


| Shoals site were soon | found to be on 
— deeply cavernous rock. 
_ When the operating level of Watts 


Mashle 43° 


dropped from consideration the 
25 search for the Fort Loudoun site was: 

72 


694.83 thus li limited to a 12-mile ‘stretch of the 
Bussell Shoale:* which had not been ruled out because 


Bite No. 603. 30 geologic or engineering ‘Teasons— 


vealed that the Belle Canton Island 

605.03 i 

the best site available. ‘This site 

therefore selected a as the site for Fort 


The rock involved i in the foundation of 


Ferry 28. Loudoun is nonuniform in character. 

a It ranges from the coarsely -erystalline 
sandy limestone of the Tellico formation, 

« Knox dolomite limestone. Tellico sandstone 
and shale. ¢ Tellico sandstone and limestone. through» coarsely crystalline pure Time: 

¢Tellico shale. Chickamauga, Holston, and stone, finely erystalline i impure and shaly 
7 


at 


= 


_ ‘Tellico limestones. / Tellico limestone, Sevier 
shale Rutledge limestone. limestone, to calcareous shaleint the Sevier 
‘formation. Structurally, the strata of 


stones 0 of both are by numerous steep to vertical joints and the 
ei shaly members of the Sevier a are somewhat folded (see Fig. 3) but less extensively 
jointed. In both formations, the limestones have been dissolved away along 
ae all structures sufficiently open to permit the movement of ground water. The ts 
shales of the Sevier formation are not soluble; but i in /many places the e soluble ‘ 
carbonate them, , leaving seams of soft mud. 


defects of considerable magnitude. Even while the dam site was 
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“March, MONEYMAKER> ON ‘TENNESSEE “VALLEY 


chief geologist, the late ‘Edwin- C. Eckel, Affiliate ‘ASCE, 
it in the following words: “The Belle Canton Island [Fort 


ple. “was s verified by the Authority’ s Board of ber tary ‘whose report of Ju une oa F 
‘th ff 18, 1942, stated that “No site of the whole Tennessee > Valley System has shown 


he Pauls’ “paper is a detailed account of the nature of ‘these n numerous 


those at Fort Loudoun. ‘The only point of similarity between the two projects 

was that the problems at both were the result of solution of the bedrock. ae 

+. _ The selection of a site for Douglas Dam was a comparatively simple matter. b 
"Before the final choice was made, a 30-mile stretch of the river was considered. — 


Many | localities were easily ruled out on basis of topography and the general 
" poorness ¢ of foundation conditions, but four sites were considered in some detail. 
These sites are listed in Table 4(6). 
at Preliminary geologic field studies revealed that the rock at all these 2dam 
- sites was cavernous, but the Douglas site appeared to be much better than be 
: other three. It met _ the engineering requirements somewhat better than the 
other sit sites and was selected as the site for for Douglas: Dam. 
ge Douglas Dam is located on a rather narrow belt of Knox. dolomite, which is. 


exposed | along the northwest limb of a broad, relatively flat syncline. © At the © ~ a 
dam site, the strata \ strike from N 40°- 60" 1 E and dip southeastward at t angles ¢ of F 


amr cavernous, especially i in the original channel and flood plain: areas, — 
and that a sizable » open cavity existed in each abutment. Subsequent /excava- 
‘tion revealed that the cavities were developed along joints and bedding planes. ~~ 
The two large abutment caves and many of the smaller cavities were developed — 
along both joints and bedding planes, but some of the sonra openings: were 
restricted to one structure or the o other. 
bedding-joint cave in the right was a “blowing 
a was intercepted by: ad drill hole i in the early stages of exploration and the ‘ ea , bs 
phenomenon was noticed by the drillers. ‘Two other holes in the same 
| - general area € exhibited like behavior. . Inthe summer, these holes became “ “suck- 
| ti ing” holes. _ The “blowing and sucking” behavior of the drill holes suggested — * 
that t the cave was extensive and proved that somewhere it had a natural open- Fs 
- ing, although such an opening was never found. The principal problem Sete a 
sented by the two abutment caves was that of watertightness; however, there 
‘was no definite assurance that the 40 ft of sound rock overlying the right © fake 
cave ve afforded adequate support for the end of the dam. Althoug he 
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. pleasant working conditions, their treatment did not involve : any difficult or dept 
unusual problems. They were cleaned out and then plugged with concrete, limit 
Date © ‘The cave in the south abutment, in some places, was a rather crooked channel, § ama 


Be. #4 and it was: found to be more economical to mine out enough r rock to provide for § "pene 


a straight cutofi plug instead of following the m bends of | the natural 


As indicated i in | Mr. Taylor’ Ps paper, the greatest problem presented by the 
= cavernous rock at Douglas was that of controlling the water in the cofferdams, 700, 


cavities developed along planes and strike joints served as to Ins 
a pipe water into the c cofferdams. All attempts to shut the water out. of the toe 
cofferdams were ineffective, and ¢ excavation progressed with difficulty, block by ofw 
block. ‘Pumps i in constant operation discharged 100,000 gal min for some 

| time, the maximum discharge being about 105,000. gal per min. ‘i dun 
In spite | of the tremendous problem of controlling water, an excellent water 
tight foundation was prepared. The transition between highly ‘cavernous rock For’ 
a and tight, noncavernous rock was nearly everywhere , sharp. The depth to P Aut 

¥ which solution had progressed varied from place to place but there was no rela- dev 
om pis tion between the depth of solution and the lithologie « character of the rock. > “ome 

y a2 Pee The two papers form a valuable record of the geologic problems, and their so- - ficu 
Jution at dam sites in limestones. Mr. Taylor’ paper on Douglas Dam is espe rec¢ 
a ad cially interesting as a record of a hard-fought and desperate struggle between fm tog 
engineer and river under 1 the handicap of a short | construction schedule. At 
ean times: the outlook was dark for the engineer, who finally won by dint of his” es 
gound experience with limestone foundations in general and his very thorough 
C. E. M. ASCE.8*—The paper dealing with the ‘Dam 
of particular interest to the writer since | he was directly i in charge of the con- 
hese struction of this dam as project manager for the first eighteen months, being- tur 
succeeded by J. K. . Black, ASCE, who had been construction engineer on °™ 
the project. Itisa very comprehensive an and well-presented account of the com- 
plex foundation conditions encountered and of the procedures” employed 


eis Perhaps the most significant feature of the foundation conditions at * 4 Bi 


i ee Fort Loudoun site was the comparatively great depth to which the solution jn 
_ channels e extended. This i is stressed i in the paper as is also the fact that struc ‘Op 
ie tural deformation was often the determining factor which controlled the depth 4 ne 
and extent of disintegration rather than the solubility of the rock. 
(3 effect was readily discernible on n the ground from the crisscrossed lines of dis- 


integration following bedding planes, joints, and faults and:-always havingan 
~ enlarged zone of disintegration at the intersection of these features. In the 4 


Gy "os se of a flowing stream where differences in head are available, there is, ad : i 
course, no reason, from the standpoint of hydraulics, why water should not find 


____ its way through open cracks or fissures thus producing solution at considerable a 


of 


_ to intercept any seepage through the foundation rock under the concrete struc- _ 


sonnel was an. outstanding feature of the Fort Loudoun job; that the challenge 


depths. At some dam sites are geological conditions which definitely 

limit the depth to which solution can go. | For instance, at the site of the Chick- 
amauga Dam, there i is a stratum of bentonite which effectively stopped the * 
penetration of water and so afforded a horizon below — it was known that 


foundation treatment need not be carried, 


700, 000 ¢ cu ft of grout, including neat cement, clay cement, and asphalt, were ptr 

required to control the flow - through the rock into the first-stage cofferdam. 

_ In sinking the calyx holes within t the cofferdam | area, ‘it was often necessary 

to encircle the hole with a line of supplementary | grout holes to cut off the flow - 

water through seams encountered at greater depth. 

Only by the utilization of the experience gained and of developed 

during comparatively recent years could a major dam and lock structure be oe 

successfully constructed on a foundation as bad as that which existed at ae 

‘Fort 1 Loudoun site. _ At Fort I Loudoun t the engineers of the / Tennessee Valley 


“developed at the comparatively large number of dams, including Norris, — a 
—, Guntersville, Kentucky, and Hales Bar, whi ich had been built on dif- i : 
ficult limestone foundations—as well as the experiences of other organizations __ id 
“recorded i in the technical literature. By the publication of t this Symposium a a 
together: with those previously published i in the Transactions of the Society, 
“the experience gained by TVA is made available to the profession as a whole. — 28 
hoe Effectiveness of the cutoff ai and grouting operations at ‘Fort Loudoun i is dem- 
“strated by the low rate of se seepage past the dam site. : Holes 3 in. in diam 
eter were drilled just downstream from t the cutoff on n approximately 11-ft centers 


throughout the spillway section. These open drainage holes extend from 30 ft to 
: 80 ft into the rock beyond the excavated surface and so can be expected er 


_ ture. The seepage, as measured by the discharge from the total of these holes, — 
: amounts to less than 10 gal per min with a full reservoir. Careful records have 


. : been'kept of the ground-water levels i in both abutments of the dam and these 


- - indicate that there is very little seepage through the abutments. | 


| stated by Mr. Pauls in the “Summary,’ ’ the operations for cvasélidation 


and for an effective , cutoff challenged the combined efforts of the e designing « engi- . 
field engineers, geologists, and construction personnel.” close co- 
operation that existed between t: tlie engineers, geologists, and construction per- 


presented by the difficult foundation conditions w was successfully met is attested 


complete and explicit account of the and operations ‘used in 


treatment at Douglas Dam is given | by ‘Mr. Taylor. The infor- 
mation thus made available should be useful to anyone having a a similar foun- ay 


Cavities encountered i in foundation rock at Douglas Dam were, in gen- 
a - eral, larger and more continuous than those at Fort Loudoun but were not as" 

Spex extend to such great depths. / At blowouts 
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pe ty because of the extremely fast construction schedule for the | job— 


“ Ef calling for completion in less than fourteen months after work was started. 


a — Use of large-diameter calyx drill holes as construction devices to give working 
‘ 


a means of depositing concrete in these seams after being cleaned ov out, , is well 
illustrated in the work described. Another and rather unusual device was the 
use of a grout curtain to confine, ‘to the desired area, the grout us used for con- 


| BS, i. eis ‘2 As in the case of Fort Loudoun, the measurements of foundation drainage 


access to disintegrated seams or cavities underlying sound rock, and to afford 


and the ground-water ‘investigations at at the effective- 
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_ STRENGTH OF BEAMS AS DETERMINED 


— 


“4 

‘Dis "Discussion 


New Van Kenam,” ASCE. —Two separate phases of the problem of 
lateral buckling: of beams and girders are treated in tl this paper. 1 In 1 the f first 
part, ‘additional values of the factor k are derived : for various types and condi- 
tions of loading which supplement the factors m derived by Professor Timo- 


shenko. 2 | The derivation of these additional factors | k, which can readily be 


to the Timoshenko is valuable contribution. ‘This 


end supports in Fig. and in 42 and in in Table 1 
symbol L denotes the ‘unsupported length of the. a flange, , which i in 

Simplified both for critical stresses and for working stresses, are 
proposed i in the second part of the paper. . oe formulas employ the dimen- 
sion ratio! bt ‘Tn Figs. 10 and 11, results obtained | y these simplified : nee 
are ota yess with the those obtained 1 by more exact methods. a n analysis of the 

curves ABCD of Figs. 10 and 11, representing the more oun values for 
the type of f loading shown, were computed according to Professor Timoshenko’ s s 
method.3! _ However, identical results would have been obtained by u using” rie 
Eq. of ‘the paper. | The torsion constants entering, into the more exact 


thig NO™: —This paper by. Karl de Vries w: was as published i in September, 1946, Proceedings. rN rg 

this pa r has appeared in Proceedings, as follows: December, 1946, by George Winter, ons ii B. _ 

td ebruary, 1947, by Theodore R. Higgins, 

Highway Bridge Engr., U. 8. Public Roads Administration, Washington, D. 
us *“Theory of Elastic Stability,” by 8. Timoshenko, McGraw-Hill Book Co., Ine., * New ‘York and 
ndon, 1936, Chapter V, p. 239. : 


Tbid., p. 268, Eq. 164, and p. 
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formulas may be determined for rolled beams. riveted plate 
girders, there may buck 
on 4 a n, and there i is uncertainty as to the proper reduction to be madeon = 
this tests made by I. E. Madsen, Jun. ASCE, “appear to give 
ee ne the best data available, and it was decided to follow his recommendation that 2. 
3 ay the values of K for riveted plate girders be taken equal to one third those for B | 
ae Me. identical monolithic se sections. Curves ABCD of Figs. 11(a) and 11(6) may Me 
therefore be slightly on the conservative side. There is need of further tests 
to confirm Mr. ‘Madsen’s findings, 
we: a, ut _ Curves AEF of Figs. 10 and 11 were computed by the formulas of the ae 
paper, using constants consistent with those given in Table for carbon 
steel and loads applied on | the centroids of the sections. Values derived from: 
also Eq. 66 was pore by multiplying the commonly 


. 

The ] plate girder « of Fig. 11(a) is of the st same vantiiee as that used for illustra- 

re purposes in Part III of the paper. A similar section, but with two cover 


“plates instead of ‘four, is included in Fig. 1106). 

2 aire all cases, both of rolled beams and of plate girders, at the higher ratios of 


~, Mr. de Vries’ formulas 3 yield results its very close to those given by Professor 


‘ ‘Timoshenko. . At the lower ratios of 4 5 j however, values proposed by Mr. de 


Vries are considerably less than thoee by Professor Timoshenko. Furthermore, 
the transition curves AE appear to drop ‘off too rapidly, for the points E 
should practically coincide with the points C on the Timoshenko curves. 
‘The reasons for this characteristic property | of the de Vries formulas can 
Bees - dest be shown by a mathematical analysis. — The notation used in the paper 


be adhered to, but the list of ‘symbols given in Appendix should be 
supplemented by the following: m equals | a factor whose value i is ‘dependent 


the type of loading; equals Poisson’ ratio, whose value for steel is 
30; and ais a t ‘torsion bending constant equal to: 


Beams in Torsion,” by Lyse and Bruce G. Johnston, Transactions, Vol. 


“Report of Crane Girder Tests,” I. and Steel Engineer, November, 1941, 
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olate + The general equation for the critical value of the bending moment at which fi 


‘ 


e for a It is convenient to ee beam s subjected to pure catia for Ke 
tests Pure the value of the ‘m is simply :* m 
Making this substitution 
If the second term under radical i is dropped, Eq. 71 becomes: 
7 
ta Consider now a symmetrical ‘tolled beam section, consisting ‘of a web plate — 
two flanges. such a section, the effect of the web on the moments of 
__ @ inertia Z, and J, and on the torsion constant Ki is small and may be neglected. — A 
107e, Substituti ues in and also evaluating E, p, and 7, 
d be Bg. 74 i is of the type proposed i in the paper. be that, at, in a 
its derivation, the second term under the radical in 1 Eq. 71 was dropped. By © ae 


- Comparing curves (b) and (c) of Fig. 12, the effect of dropping this term may — ae, 
“readily be seen, The curves were computed | for a 36WF160) beam. Curve (a) eat 


the ‘critical stresses in a beam loaded uniformly along” the centroid _ 
of the ‘section n over its entire length. In curve (0), critical stresses are shown — cra A a 


“for a beam subjected to pure bending. The ordinates of curve (6) were ecom- 
puted by Eq. 71. The ordinates of curve (c) were computed by Eq. There 


is fairly close agreement between curves (a) and (b), indicating that the error =o. eo: 


_®“Theory of Elastic by 8. Timoshenko, 
wen, 1936, Chapter V, p.259. 


i 

3) 
(68), 


(ON LATERA NG 
(b) and ofas 
Closely at higher ratios of 1/b, but curve (Oi is considerably below curve (b) ABC. 
Eq. 71 to solution of the 36WF160 beam, the following J repre 


xX 0.00146344 + 0.00019994 


For i/o = - 20, the value of the sui 
term under | the radical is more — than 
three times that of the first term, wheres 
100, the value of the second 
term is less than one ne seventh that of 
the first. Obviously for short beams 
— (ow values of l/b), the second term 1 may 
not be ‘ignored, as was done in Eqs. 722 
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of one web plate and flanges. For built-up girders, consisting 
a. of f flange angles, cover plates, ¢ and web plate, the approximations of Eq. 78 


are. no longer valid, since large part of the flange area is concentrated in the 


ea = nge angles. ot F or this reason, the de Vries formulas do not accurately reflect 
oss section 
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of a girder. For example, in Figs. 11(a) and 11(b), by the curves 


ABCD, » the reduction i in critical stress due to the omission of the two cover 
1 plates is seen to vary between 20% and 25%. 
representing the de Vries formulas, indicate a constant reduction of 37. 5% al a 


all values of 1/b greater 
The formulas proposed in the paper are particularly applicable rolled 


should not be to beams with low ratios of length 


=, = 


On the other hand, curves AEF, 
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| frequently happened, higher stages resulted than would have if the water had 


1947 mam ON CUTOFFS. 
H. B. Ferguson, M. ASCE, formerly President of the Mississippi. River Com- 
mission, for adding cutoffs to the flood control plan 3 when the entire valley 
—* opposed their woo, | This one feature made Sood control possible. — 


Bends? Mr. Matthes. the conclusions i in 
that discussion broadened the scope of the paper considerably. An article in. 
Engineering News-Record® went into the ‘matter 3 more fully and considered the 
problem of the entire river from Cairo, IIl., to the Gulf of Mexico. This seemed “ol 
‘The conclusion that the 1 river tends to return to a certain length may ay not. 
be strictly true. _ ‘The f function of the river is to carry water to the sea. - The 
Mississippi has always brought along soil, sand, and gravel which fills the 
alluvial valley to a gradual ‘slope from the upper end to the Gulf of Mexico. 
This material i is shoved out of the main channel or deposited it in slack: water to 


form bars, generally « on the concave side of bends. Bars par formed on the 


and below a point tend to approach each other and eventually to produce a a 


‘natural cutoff. Past Mr. Matthes has stated, ‘some of these ] proved disastrous. 
However, if these ame cutoffs had been laid out intelligently, they could have 


‘There is the possibility that man could well select a length of river that 
Would produce a maximum flood control benefit with a minimum interference ot 
with navigation. Data to do this are probably in existence. iy Recognition 
should more often be made of the facts that the Mississippi River carries water, 
“silt, sand, » and gravel and that all these move irresistibly together and all must 
be taken into account if the caving bank situation | is to ‘be mastered. With 
the mass of reports and writings about the ‘Mississippi, framed about the old | 
: theory that cutoffs would surely breed disaster, it is little wonder that much — 
“confusion still exists and progress is being halted by old theories based on 
erroneous assumptions. The Army Engineers and the ‘Mississippi - River Com- 
“mission probably will eventually clarify this situation since these groups seem > 
best qualified to work o out a balanced long time program. . They are on the 
ee track, but many details yet remain to be fitted into the picture. hae 
it Mr. Matthes’ Z estimate of the lowering of flood stages due to the cutoffs — 
z is about as accurate as any. | There i is no way to es estimate the effect. accurately. mM 
“Flow conditions have been so altered that even the rates of runoff and of - 
discharge are not comparable. many engineers call ‘ ‘valley storage’ 
- apart of the discharge area where the velocity i is checked in the wide overbank 
channel. V. alley ‘storage is beneficial. Storage in the backwater areas is 7 
detrimental. The vast volume of water withdrawn into these areas in advance 
-. of the maximum discharge merely served to hold the river stationary at these ant *, 


: Points longer. If another flood formed in the valley i in a week or ten days, i 


_ been kept out of the backwater areas. & 
— at 


Control Through Slope Correction,” by W. E. Elam, News- Record, 


“y "Speeding Floods to the Sea,” by W.E. Elam, Hobson Book Press, New York, N. Y., 1946. ies 
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. The river seems to have done a a much better job than n expected i in trans 
. as porting and moving the detritus out of the channel. mi is possible that the 
e a increase i in velocity kept much of this material from dropping in unwanted 


places. ~ It is noted that, in certain reaches, such as Sessions, or Francis (mile 


i 604 to 612 “Above Heads of Passes”), there is a tendency for an excess of 
<3 detritus to clog the channel and to cause excessive caving. % "Probably the best, 
treatment for this condition would be to shorten the ‘river, where possible, a at 
Be ae these points. Thus, the carrying capacity of the river should become more 
b « Bi uniform and at the same time the old channel should absorb a lot of the excess 
Bi Ss detritus. It may be that more shortening has been effected than is necessary; 
Se but, as Mr. Matthes states, gradual lengthening rapidly will compensate for ’ | 
©. L. Hatz,’ M. ASCE. 72—The reasons that led to creation of ital 
A extol on the Lower Mississippi River are clearly stated in this paper, which 
also well describes the methods of accomplishing these “channel chang 
The seems to be nothing to criticize in the paper—as far as it goes. aly 
i Matthes states (see heading, “River Steepening”) that ‘ “it became 
“clear that the river should not be straightened unduly” and also that “a . 
‘braided’ river would have impaired navigability.’ Cutofis. are essentially 
instruments for straightening the river, although perhaps not unduly. — —Ob- 
oy. viously, however, the tendency of the actions taken is toward “braiding” and 
the consequent impairment to navigability must be resisted by ‘imereased. 
ee ad ‘maintenance. | Since the beneficial effect of the reduction of floods caused by 
he - the cutoffs is is purely ec economic in character, there is no way of determining the 
oe 43 net benefit except by ¢ comparing the value of the flood reduction § secured with 
the additional costs of maintenance. Any. flood control works made unnec- 


‘essary, or any maintenance costs reduced i in amount by the new scheme, 


ga! 


judgment on the utility © of the plan therefore requires to ‘three 


Biss: s fee (1) How much are costs of channel maintenance increased by cutofis? 


(2) What flood control works are made unnecessary by the plan? 


pounded: ‘There is s certainly - no sign of an answer to them. Until the « ques: 
tions are answered, it is probable that the members of will re- 
serve opinion on the question of cutoffs. 


H. D. Voce1,* M. ASCE. have been outlined for the 
LS ae ‘earlier, ‘uncompromising attitude of the Mississippi River Commission with” 4 
respect to cutoffs. Principal ; among these was the fear engendered by observa- 
‘tions on cutoffs that had occurred naturally during high water periods. How- | 


wee 
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stitute, of. course, part of the value of flood reduction. 


4 


ee 


2 


a 


3 


a. 


Ma 
— 
at 
soll 
a to | 
helc 
*.. the 
dee 
th 
4 
Sue 
cut 
4 


& 2 * Jackson, M. ASCE, then President of the Mississippi River Commission, ce 
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Q- 
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were too limited and restricted as to use to do the 


research and. the investigational and experimental work necessary to find a 
_ solution to the problem. The only 1 money @ available i in any : amount was that 
m appropriated for the benefit of navigation; nevertheless, the existing levees had 7 “= 
« to be protected against incursions by the river at its bends. _ Revetments ¢ could d 
_ be placed as aids to navigntien; hence, revetments w were —n bends we were 
oS Plans for the United States Waterways Experiment ; Station were made i in- 
the summer of 1929 at Memphis, Tenn. By December of that year it was 
decided to build the station in Vicksburg, Miss. — Early in December, as =. 


— rector-elect of the ‘Station, the writer visited Yucatan Point with the late Gen. 


Pome River from cutting through into the channel of the Big Black River. 

7 Such a cutoff would develop slowly and would not endanger any levees. By 

permitting the break-through to to occur, the Big Black River would act as a 
im natural pilot channel across the neck of Yucatan Point to the lower bend. 7 he ; 
cutoff of the Mississippi River into the Big Black River occured between Dec- Fo. 
ember 25, 1929, and January 1, 1930. This, the first cutoff on the Mis- 


sissippi River deliberately made by man (for the decision to withhold action 


_ who decided to desist from attempts to | prevent the upper bend of the ‘Missis-— on 


against it it constituted action for it), occurred quietly and without attendant cat- a cm - 
f bm that a model of the Greenville Bends be built and tested by the U. U.S. 
built during the summer of 1930 and operated the 
‘Ge mr Results of tests with this model are indicated in the following mien from oa 

2% “The [Greenville Bends] model showed a maximum lowering sof 2. 2 ft. 

er - above with no change below. _ This was in almost direct contradiction 

i a _ to the old theory, offered first in this country by Humphreys and Abbott, that — a - 

on the other hand showed a slight tendency toward improved conditions at 
a Leland Neck. The reduced head above Leland Dike, produced by a cutoff vik a 

_ in lowered velocities through it. It is to be expected that Chicot Point will *% ose 
be severely attacked by increased currents through the cutoff; but if 


_ Encouraged by observations on the Yucatan Cutoff, General Jackson or- 
Experiment Station as one of its first two studies. ‘The Greenville Bends ;model 
aS due to a cutoff at Tarpley Neck, the influence being felt for a distance of 45 ies 4 
_ Stages are increased below a cutoff by the same degree they are decreased 
“The model gave no indication of detrimental effects due to cutoff, but 
at Tarpley, relieved the strain on that structure to some degree and resulted _ S 
q 
erosion occurs, it will be along the line of a shallow chute now existent, and oa s 


tevetment of the east bank will resist attack. Erosional adjustments that as 


follow will produce a sinuous channel in due course of time.” 


_ Encouraged by results of the experiments with of the Greenville 
Bends, General Jackson began plans for an artificial cutoff across Diamond ye 
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a> Point; and wit model tests. of an €3 extensive river ver reach were ordered 


in the spring of 1932. Actual field work on the cutoff was begun during the if 

on 4 following summer, shortly before General Jackson was relieved by Gen. Harley the | 

Pun? ne B. Ferguson, ‘M. ASCE, as President of the Mississippi River Commission, of b 

General Ferguson pushed the work on ‘Diamond Point with such h energy that “site 

the final break- through w was effected on n January 8, 1933. that 

General Ferguson, also, immediately vu upon taking office as President of ‘ 

Mississippi River Commission, ordered comprehensive s studies directed toward “heig 

et" eee the creation of a whole series of cutoffs throughout the length of the lower river. § hep 
e x Mr] Matthes, who cam came to to es with G General Ferguson, has told the e story of ti 


In commenting upon the work by General ‘Jackson, there i is no desire 
| eae or intent to detract from the accomplishments of General Ferguson. The 
final result—control of the Mississippi—is important enough to provide undying 
glory! for both. General Jackson pioneered | the way, overcoming prejudices and 
a2" fears of long standing; General Ferguson, with indomitable courage, applied the 
. en lessons developed by General Jackson’s tests to the river as a whole. Mr. 
ae Matthes, in in characteristic fashion, has declined to describe his own role i in this 


development. was he, however, who stood always beside 


j 

he» interpreted many ‘of the laboratory results and put them to prac- 

tical application. His present paper comprises a valuable both 
to engineering knowledge and to the Mississippi River history. 


‘Harry N. PHarr,”® M. ASCE. 10a__A statement of the purpose and a clear 
: ee = _ description of the effect of the cutoffs made on the Mississippi River are pre- 


oo i The conception that the effect of a cutoff i is ton raise the stage downstream fy, 

wg ie from the fact that, as the stage rises in a stream of varying slopes, the Bf og 

/ water surface tends toward a uniform slope. Until the cutoff i in its process of 4 ¥ an 

development regulates the disarranged alinement, slope, and section of the 

stream channel, the velocity of the current immediately below the cutoff is 

a ae somewhat retarded, the impetus of the stream is diminished , and the tendency J 4 th 

a gr 

pl 

"crease in storage, of stage reduction from the cutoff, on st 

a the increase in stream discharge below the cutoff diminishes with the usual — a 

eee occurrence of slight daily rises and i increase in duration of stage near the flood § gq, 

‘Immediately above its location the effect of a cutoff is to increase the veloc- 

ity of the stream, to lower the ‘Stage, and, in some situations, to increase the 

tendency to cave the concave bank. Below bankfull stage the action of drawing 

q the current away from the concave bank and across the toe of the opposite point 

10 Civ, Engr., Member, River Comm., War Dept., Memphis, Tenn. 
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is no not effective in some beyond the influence of as 
; the § Hardin Cutoff (676 Above Heads of Passes), made in 1942. In Walnut Bend, 
tley | the accelerated rate of caving along the concave bank necessitated installation 


sion, of bank revetment, as the the current was s not materially deflected : across 8 the o oppo- 
that 


the James B. Miles was a among the early advocates of cutoffs to reduce 


“heights in in the Lower Mississippi River. Following the disastrous flood of 1897 Bee 
he proposed a a plan to the Nelson Subcommittee of the Committee on on Commerce | 
F of the United States Senate which made an examination, inquiry, and report on a bi 
‘the problems of flood — and improvement of the Mississippi - River. aad Ey 
Mr. ‘Miles stated: 


find ‘thee are 26 places at which cutoffs be made. oF these 
about 16 are such as could be made at but little cost or time * * *. The 
distance across these necks or narrow places is from one to three ile ex- 

_ cept one of five miles. The cost would be in digging a ditch or canal across | 
= necks. Some would require large and some small ditches * * *. The AE 
a ditch or canal should be dug so as to turn the current of the river above as 4 
i _ directly as possible into the channel or current | below. About all the cutoffs ae 
have been made where the neck was narrowest. This, i in mostinstances,has 
es thrown the current against the bank on the opposite side so as to cause great — - 
i: destruction. * * * I do not claim that the river can be made straight but 
| 4 claim that the . distance can be reduced * * *, The distance from Cairo 
to the Gulf could be shortened by cutoffs some 170 miles. * * * Thecutoffs — 


between Arkansas River (mouth) and reenter should lower the wat 
the Arkansas nearly or quite 10 feet.” 


“The plan which Mr. Miles abiieibilte is somewhat similar to the plan ex- 


F cont us He was not a professional engineer, | but he was a student of the river. 

Itis ueaiite that, 50 years ago, he selected the exact number of cutoffs and 
estimated both the exact mileage reduction in length of river and about the 

_ amount of reduction in stage as that of the planexecuted. 

Dy the reasons given by the author as ‘to why natural cutoffs were not per- 

‘mitted to occur during the period from 1884 to 1929 should be added the fact 


pra previous tot the 1 first Flood Control Act of | 1917, the ‘aiver were gunen by Con- 


protection w were been constructed : as auxiliaries to the 


— of channel improvement. This | resulted in ‘ the adoption of a policy of 
stabilization rather than a change of channel location, and any | benefit to flood 


al. Since 1917 has wails in aid of flood control 
as works for the improvement of navigation. ‘The principal. objective of 


the cutoffs is the control of floods and a any resulting improvement , aiding navi- ve 
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“ing; with the following values: 


On page 13, i in n line 16, change “new river” to “net r river”; in n Table 4 4, ssesitinat a 
é. "capitalize “Head of Passes” ; and, on page 17, change line 26 to read: “* * * " 


gegen cutoffs and at other rectification operations es to have affected, ” 
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